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Abstract

This paper studies predictions that are robust to higher-order payoff uncertainty
in dynamic games. Players’ knowledge about payoffs is represented by an information
structure, while their initial beliefs are modeled through a type space. We focus on
the robustness of an interim solution concept, weak rationalizability, which captures
rationality and common initial belief in rationality in dynamic environments. Employing
a collection-based approach, we derive conditions that fully characterize strategies that
can be uniquely selected and refinements that are locally robust around finite types. We
then provide necessary and sufficient conditions under which (i) a Structure Theorem for
weak rationalizability holds and (ii) its predictions are generically unique. We further
show that strong rationalizability, a key refinement incorporating forward-induction
reasoning, is a robust refinement. Finally, we apply our framework to two economic
applications, studying robust refinements under higher-order uncertainty regarding the
privacy of information and the observability of actions.
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1 Introduction

Models of strategic interactions often impose strong common knowledge assumptions on
payoffs, yet they typically admit a large set of rationalizable or equilibrium strategies. A
long line of research has shown that slightly perturbing common knowledge assumptions can
sharply refine predictions and even select a unique outcome (see, for example, Rubinstein,
1989; Carlsson and van Damme, 1993; Kajii and Morris, 1997; Morris and Shin, 1998, 2000).
Weinstein and Yildiz (2007) substantially generalize this insight in static environments under
the so-called richness condition, which relaxes all common knowledge assumptions on payoffs.
In particular, they show that (i) (the Structure Theorem) any interim correlated rationalizable
(ICR) strategy of a type can be uniquely selected by perturbing higher-order beliefs, and (ii)
(generic uniqueness) the prediction delivered by ICR is generically unique in the space that
contains all belief hierarchies (i.e., the universal type space). Taken together, these results
suggest that multiplicity in standard solution concepts arises from the knife-edge assumptions
on beliefs; on the other hand, any attempt to refine the predictions fails to be locally robust,
because it rules out some uniquely rationalizable strategy for a nearby type.

Chen (2012) and Penta (2012) extend these results to dynamic games. The richness
condition of Weinstein and Yildiz (2007) effectively rules out all genuinely dynamic settings
because it requires every strategy to be strictly dominant in some state—an impossibility
when certain information sets may not be reached. To address this issue, Chen (2012) studies
the normal-form representation of dynamic games while maintaining the solution concept
ICR, establishing analogous results under a weakened version of extensive-form richness.
Penta (2012) instead studies a more general dynamic setting where players can receive private
information about payoffs. Based on sequential rationality, he proposes the solution concept
weak rationalizability (or interim sequential rationalizability), which we adopt in this paper,
and proves both the Structure Theorem and generic uniqueness under an appropriate richness
condition for dynamic environments

In this paper, we study dynamic environments in which common knowledge about payoffs
is represented by an information structure. The information structure captures players’
persistent beliefs that govern belief updating throughout the play. Departing from the existing
literature, we dispense with any richness condition and instead analyze robust refinements
of weak rationalizability under an arbitrary information structure. This perspective is both
natural and economically important. First, the richness condition may be too demanding and
can render key features of dynamic games moot. In particular, it implies that every opponent
strategy can be made sequentially rational at some state, leaving off-path beliefs essentially
unrestricted. As a result, the notion of strong belief, which plays an important role in dynamic

reasoning, is no longer relevant. Indeed, we show in Section 4.1 that strong rationalizability



constitutes a robust refinement of weak rationalizability, but loses its refinement power
under richness. Second, when researchers analyzing a dynamic interaction are confident in a
particular information structure that does not satisfy richness, existing results provide little
guidance for obtaining robust refinements. Our framework instead offers tools for identifying
predictions that remain robust to misspecifications of higher-order beliefs, subject to the
informational constraints embodied in the information structure. The applications in Sections
4.2 and 4.3 illustrate how this approach can sharpen predictions in economically relevant
settings.

A solution concept is said to be robust if it satisfies upper hemicontinuity when viewed
as a correspondence defined on the universal type space (Fudenberg et al., 1988; Dekel and
Fudenberg, 1990; Weinstein and Yildiz, 2007). Intuitively, robustness requires that the pre-
diction for a given type does not exclude any strategy that is admissible for sufficiently “close”
types.! Penta (2010) shows that weak rationalizability, denoted by W in this paper, which
captures players’ rationality and common initial belief in rationality, is upper hemicontinuous
on the universal type space. This raises a natural question: given a finite type space, can weak
rationalizability be refined without sacrificing robustness? We focus on finite types because
they are ubiquitous in applied game theory. Formally, a prediction for a finite type space
specifies a set of strategies for each type, and we say the prediction is a robust refinement of
weak rationalizability if it is consistent with an upper hemicontinuous sub-correspondence of
weak rationalizability defined on the universal type space (Definition 5).

To answer this question, we employ the curb collection approach developed by Chen
et al. (2014, 2022).? In particular, we define and compute the upper and lower W collections
for each payoff type. The upper (lower) W collection of a payoff type consists of all sets
of strategies that contain (are contained by, respectively) the set of weakly rationalizable
strategies for some type in the universal type space consistent with that payoff type. We then
define the local upper W' collection for each type in a given finite type space, which traces
out all minimal sets of weakly rationalizable strategies arising in a neighborhood of that type
within the universal type space. These local collections are characterized via an iterative
procedure. By definition, a strategy is uniquely selected for a finite type if and only if the
singleton set containing that strategy belongs to the local upper W collection of that type
(Proposition 2). Moreover, for a given finite type space, a prediction is a robust refinement of

weak rationalizability if and only if, for each type, the predicted strategy set intersects every

We endow the universal type space with the product topology, so two types are considered close if their
first n orders of beliefs are arbitrarily similar, with n sufficiently large.

2The curb collection generalizes the notion of a curb set proposed by Basu and Weibull (1991). Chen et al.
(2014) first introduce this notion to study robust selections of ICR; Chen et al. (2022) then use it to study
robust refinements of ICR. Both papers focus on static games.



element of that type’s local upper W collection (Proposition 3).

Building on the characterization of local upper W collections, we derive necessary and
sufficient conditions under which the Structure Theorem and the generic uniqueness of weak
rationalizability hold. Specifically,

e (Proposition 5) A Structure Theorem of W holds if and only if every rationalizable
strategy of a type in the universal type space is uniquely rationalizable for some type
with the same information. Under this condition, W constitutes the strongest robust

refinement of itself.

e (Proposition 6) Generic uniqueness of EFR holds if and only if every set of rationalizable
strategies of a type in the universal type space contains at least one strategy that
is uniquely rationalizable for some type with the same information. In this case, an
iterative procedure initialized with uniquely rationalizable strategies yields the strongest

robust refinement of W.

We emphasize that, although the statements above concern the infinite-dimensional universal
type space, verifying the conditions only requires solving finite-dimensional optimization
problems.

The characterization of local upper W collections also provide a tool for identifying robust
refinements of weak rationalizability when the Structure Theorem fails to hold. In dynamic
environments, the role of strong belief has received considerable attention. Informally, strong
belief in rationality requires that even when a player is surprised at an off-path information
set, he should maintain the assumption that the opponents are rational as long as this remains
consistent with the observed past play. This reasoning embodies a form of forward induction
and leads to a refinement of weak rationalizability known as strong rationalizability (see
Pearce, 1984; Battigalli, 1996, 1997). In Section 4.1, we define strong rationalizability for an
arbitrary type space, where the type space is only a model of initial beliefs which may be
abandoned once a surprise occurs. We show that this formulation of strong rationalizability
is a robust refinement of weak rationalizability. This finding echoes earlier results of Piermont
and Zuazo-Garin (2026), who show that strong rationalizability, defined on the universal type
space, is an upper hemicontinuous correspondence.

In two economic applications, we further illustrate how our results can be used to refine
weak rationalizability without upsetting robustness. The general approach begins with a
benchmark setting that is typically assumed to be common knowledge. We then relax
the common knowledge assumption in a minimal way that reflects a specific economic
concern, while keeping the remaining aspects of the model unchanged. This exercise differs
fundamentally from the one based on the richness condition that relaxes all common knowledge

assumptions. In the first application, we study two-player signaling games and introduce
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uncertainty about the privacy of the information received by one party (i.e., the sender).
Specifically, we expand the information structure to allow for the possibility that the receiver
knows the type of the sender. The original benchmark now corresponds to a type space that
assumes initial common belief in the privacy of sender’s information. Applying our results,
we show that, under conditions weaker than richness, weak rationalizability is generically
unique on the universal type space, and the strongest robust refinement can sometimes yield
strictly sharper predictions (Proposition 8); we illustrate the result in the Beer-Quiche game
of Cho and Kreps (1987).

In the second application, we introduce uncertainty about the observability of actions in a
two-player static game and fully generalize the analysis in Penta and Zuazo-Garin (2022). In
particular, we allow for arbitrary partial observation of the opponent’s action. This requires
a slight extension of our framework, in which a collection of extensive forms is associated
with different states of nature. Each player knows only whether the opponent’s action is
observable, but not the precise structure governing observability. We show that, regardless
of the uncertainty about observability, the prediction consisting solely of the Stackelberg
action and the best response to the opponent’s Stackelberg action always constitutes a robust
refinement of weak rationalizability. Moreover, provided that for each player there exists a
state in which the Stackelberg action can be identified, this prediction becomes the strongest
robust refinement. We further illustrate the effect of asynchronous play: if it is common
knowledge that one player cannot be the second mover, then that player’s unique Stackelberg
outcome becomes the strongest robust refinement of rationalizability, yielding a particularly

sharp prediction.

Related Literature. This paper contributes to a game-theoretic literature that studies
predictions robust to higher-order payoff uncertainty. Several papers investigate this question
in dynamic games, as we do here. In addition to the work by Chen (2012) and Penta (2012)
discussed above, Weinstein and Yildiz (2013) extend the insight of Weinstein and Yildiz
(2007) to infinite-horizon repeated games and establish an “unrefinable” Folk Theorem in
that setting. Piermont and Zuazo-Garin (2026) introduce persistent model misspecifications
concerning players’ knowledge about payoffs, and study the implications of perturbations to
both initial and persistent higher-order beliefs in dynamic environments. While all of these
papers rely on a richness condition,® the present paper dispenses with this assumption.
This paper is inspired by a branch of the literature that studies robust predictions without
imposing richness. Penta (2013) provides sufficient conditions under which the results of
Weinstein and Yildiz (2007) continue to hold. Building on this insight, Chen et al. (2022) fully

3The richness condition in Piermont and Zuazo-Garin (2026) is implicitly assumed, since the payoff states

in their universal type space coincide with the set of all utility functions defined on terminal nodes.



characterize the Structure Theorem and generic uniqueness of ICR under arbitrary payoff
uncertainty. Weinstein and Yildiz (2011) analyze the sensitivity of Bayes Nash equilibrium
to perturbations of higher-order beliefs without relying on any richness assumption. Ely and
Peski (2011) show that regular types (i.e., types that exhibit strategic continuity) are generic
in the universal type space without assuming richness. In a mechanism design setting, Oury
and Tercieux (2012) characterize social choice functions that can be partially implemented in
a continuous manner, so that the desired outcome can be induced for all nearby types of the
initial model. While all these papers relax the richness condition in static environments, the
present paper considers dynamic games and employs a solution concept tailored to genuinely
dynamic settings.

Most of the work mentioned above delivers a negative result: despite the abundance
of rationalizable or equilibrium strategies in commonly used models, robust refinements of
predictions are generally impossible. While our results identify conditions under which this
conclusion indeed applies, they also offer a more positive perspective when researchers are
willing to relax only specific aspects of common knowledge assumptions (see the applications
in Section 4). In such cases, robustness to higher-order uncertainty may actually help refine
the multiplicity of rationalizability. This perspective is aligned with the insight of Penta
and Zuazo-Garin (2022). In a different direction, Heifetz and Kets (2018) and Germano
et al. (2020) weaken the solution concept ICR by introducing (higher-order) uncertainty
about limited reasoning ability or limited rationality, respectively. They show that when the
assumption of common belief in rationality is perturbed, robust proper refinements become
possible.

The remainder of this paper is organized as follows. Section 2 introduces the game-
theoretic framework and the solution concept. Section 3 presents the main characterization

results. Applications of these results are provided in Section 4. Section 5 concludes.

2 Preliminaries

2.1 Game-Theoretic Model

We consider finite dynamic games with incomplete and possibly imperfect information, perfect
recall, and no chance moves (Kuhn, 1953; Battigalli, 1993).* A dynamic game I' = {€,Z, u}
consists of an extensive form £ that defines the rule of the game, an information structure Z
that describes players’ knowledge about their payoffs, and a profile u specifying the utilities
of players.

40ur notation is adapted to encompass multistage games with observable actions (Fudenberg and Tirole,

1991; Osborne and Rubinstein, 1994) as special cases.



Formally, an extensive form is given by a tuple
&= {]7 (Xi)iéb Za ‘Cv (Hi)ieb <A1>'LEI}

There is a finite set of players I. For each player ¢ € I, let X; be the set of decision nodes at
which player ¢+ moves, and H; denotes the collection of his information sets, which form a
partition of X;. The set of terminal nodes is denoted by Z. Each player i has a finite action
set A;; for each information set h € H;, let A;(h) C A; denote the actions available to player
1 at h. Nodes are connected by edges in L, each of which corresponds to an action profile
chosen simultaneously by the players active at the node from which the edge emanates. Note
that players are allowed to share the same decision node or information set.’

To facilitate analysis, write ¢ for the initial information set that contains the root node
of the game, and assume ¢ € H; for all ¢+ € I without loss of generality. Under perfect recall,
each player’s information sets admit a partial order induced by the precedence relation on
decision nodes. For any h,h’ € H;, we say h follows h' if every decision node in h follows
one in h'. A strategy of player i specifies an action in A;(h) for each h € H;. We identify
two strategies that only differ at precluded information sets, and let S; denote the set of
player i’s reduced form pure strategies (henceforth strategies, for brevity). Let S; = 2%\ {0}
denote the collection of nonempty subsets of S;. The set of player i’s opponents’ strategies is
.1 Hi, we write S(h) for the set
of strategy profiles s € X,_; S; that reach h. By perfect recall, if h € H;, we can decompose
S(h) = Si(h)xS_;(h), where S;(h) and S_;(h) represent player i’s strategies and his opponents’
strategy profiles that do not preclude h, respectively. Moreover, let H;(s;) be the set of player
i’s information sets not precluded by s; € S;; that is, H;(s;) = {h € H; : s; € S;(h)}. Finally,
let z(s) € Z denote the terminal node induced by a strategy profile s.

denoted by S_; = X i S;. For every information set h € |

An information structure is a tuple

1= {Q7 (Gi)iel} )

where (2 is a finite set of the states of nature, and each ©; is a finite partition of €2, which
is interpreted as the set of player i’s payoff types. When w € Q is realized, player ¢ knows
that the true state lies in 6;(w) C Q. Therefore, each payoff type 0; € ©, represents a piece of
player i’s hard information about payoffs and is known by player ¢ before the game starts. Let
0-i(w) ={0-i € ©_; 1w € (1,4 0;} be the set of player i’s opponents’ information consistent

with the state w. Note that this partition model of information may not have a product

5This formulation allows us to formally distinguish between truly simultaneous moves at a node and
situations in which some players move earlier and others follow without observing those actions—a distinction

that is conceptually important for our application in Section 4.3.



structure. Finally, for each player ¢ € I, denote by u; : €2 x Z — R his utility function, which
depends on the outcome of the game and the state of nature.

We now describe players’ belief hierarchies based on an information structure Z (Mertens
and Zamir, 1985; Brandenburger and Dekel, 1993). The construction is standard as in the
literature except for the informational restrictions on beliefs; see a related construction in
Penta and Zuazo-Garin (2022). For each i € I and 6; € ©;, let Z}(6;) = A (6;) be the set of
player i’s first order beliefs.® Iteratively, for n > 1, let

Z"(0;) = {(%(ﬁi) €t x X Z}(0;):w e ﬂ 9@"} ,

J#i el

and define

ZIN0) =G = () € Z70;) x A (Z27,(0)) - marg 7 =1 b
Z"7N0:)
where A (Z",(6;)) is the set of (n + 1)-th order belief of player ¢ who has information 6;. The

set of player i’s collectively coherent belief hierarchies with information 6; is

H;(60;) = {CZ = (r},77,..) € A(6;) x X A(Z"(6:)) = (7i,....7]") € Z!(6;) for all n > 1} :
n>1

When analyzing a game with incomplete information, we usually associate it with a type

space, which provides a compact description of the players’ belief hierarchies at the beginning

of the game.

Definition 1 (Type Spaces). A type space is a tuple T = {(T;,9;, Ki)icr }, where T; is a
compact metrizable space that contains types of player i, ¢; : T; — ©; is a continuous function
that specifies a payoff type for each t; € T}, and &; : t; — r;(t;) € A(9;(t;) x T—;) such that
ri(ts) [{(w,t=) rw € i ¥;(t;)}] = 1is a continuous function that describes type t;’s belief
about the state of nature and his opponents’ types.

A type space is called finite if T; is finite for every 7. Each type ¢; induces a belief hierarchy
of player 4, (t1(t;), 72(t:), . ..) € H;(9;(t;)), as usual.” Generalizing the analysis from Mertens

7 ) e

6In this paper, for any metrizable space X, we write A(X) for the space of probability measures defined
on the Borel o-algebra of X. We endow A(X) with the weak* topology, a product space with the product
topology, and a finite space with the discrete topology.

"To be specific, the first order belief of type t; is defined by

mH(t)[E) = ki(t:) [{(w,t—;) : w € E}]



and Zamir (1985) and Brandenburger and Dekel (1993), it can be shown that when H;(6;) is

endowed with the product topology, there exists a belief-preserving homeomorphism

Bi(6;) - Hy(0;) — A (U {w} x H_i(w)) :

web;

where
H_,-(w) == {C—l c >< HJ(QJ) Tw e ﬂﬁj} .
i it
We now define a tuple 7* = {(T;, 97, k})icr }, where T = {(0;,¢;) : 0; € ©; and (; € H;(0;)},

and for each t; = (6,,¢;) € T, (i) Vi(t;) = 0; and (ii) k;(t;) = Bi(0:)(¢). It is easy to

)

check that this tuple 7™ satisfies Definition 1, and is therefore referred to as the universal

8

type space.® For a given type space T = {(T},V;, ki)icr}, and t; € T;, we write ¢f : t; —

(0i(t;), 7} (t;), 72(¢;), ...) € T; for the mapping that maps each type into the universal type

space. Since 3;(6;) is belief-preserving, the mapping ¢ satisfies

K; (07 (6))[B] = kalts) [(w i) = (w, 97,(t-0)) € E]

for all measurable E C 9,(t;) x T*,. A type t; € T} is called a finite type if it can be induced
by a type in a finite type space.

2.2 Solution Concept

Fix a player ¢ € I with payoff type 6; € ©,. For every information set h € H;, let [h] C 0;x.S_;

denote the event that h is not precluded by player ¢’s opponents’ strategies, i.e.,

Definition 2 (Conditional Probability Systems; Rényi (1955), Myerson (1986)). A collection
mi = (mi(h))nen, of probability distributions m;(h) € A(6; x S_;) is called a conditional
probability system (CPS) over 6; x S_; if the following two conditions are satisfied:

(i) For each information set h € H;, m;(h)[h] = 1;

(ii) For every E C [h] C [K/], we have m;(h)[E] - mi(h')[h] = m;(W)[E].

for every measurable E C 9;(¢;). Moreover, for every measurable E C Z1.(9;(t;)),

T2 (t)E] = ki) [{(w, =) = (w, 715(t)) € E}]

defines the second order belief of type t;. We can therefore recursively compute the entire belief hierarchy
(T-l(ti) T2(t:), - - ) € H;(9:(t;)) induced by type t;.

% ) g

8With a slight abuse of terminology, we sometimes also refer to 7% = X ., T/ as the universal type space.

icl
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Let A™i(0; x S_;) denote the set of CPS over 6; x S_;.

A congecture of player ¢ with payoff type 6; is a CPS m; over 6; x S_; that describes player
1’s subjective beliefs about the state of nature and opponents’ behavior. Given a conjecture
m; € A™i(0; x S_;), we write r;(m; | 0;) for the set of sequentially best responses against 7,
in the sense of Reny (1992); that is, s; € r;(m; | 6;) if and only if, for every information set
h € H;(si),

5; € arg max Z wi(w, 2(s, s_3))mi(h)[w, s_].
s,€8;(h)

The solution concept we employ in this dynamic environment is weak rationalizability
applied at the interim stage (also referred to as interim sequential rationalizability), as
proposed by Penta (2012). This concept generalizes earlier notions developed for complete
information settings by Ben-Porath (1997) and Battigalli and Siniscalchi (1999). Intuitively,
weak rationalizability captures players’ behavior under the assumption of sequential rationality

and common belief in sequential rationality at the beginning of the game.

Definition 3 (Weak Rationalizability). Fix a type space {(7},V;, ki)icr }. For every i € I
and t; € T;, let WY(t;) = S;. For n > 1, write W";'(t_;) = X i W/ (t;) and define

( 3\

(7, ps) € A (9;(t;) x S_i) x A(W(t;) x Ty x S_;) s.t
(1) margy,,)xr , ti = Ki(ti);

Wi(ti) = ¢ si €St (i) i [{(w,ts,55) : (t-i,5-;) € graph (W™ )} =1;  ».

(ii) mi(¢) = margy, (,yxs_, s

(

iv) s; € ri(m; | 94(t))

\

Finally, let W;(t;) = (1,50 Wi'(t:). Also, denote W = X, ., W;.

iel

In each round, a player of type t; entertains an initial belief p; consistent with the belief
mapping x; and the previous round of reasoning. A strategy survives this round of elimination
if it is a sequentially best response against some CPS 7; that coincides with the initial belief

1; at the beginning of the game. The following type-space invariance property of weak

rationalizability is important for our analysis.

Lemma 1 (Penta (2010)). Fiz a type space {(T;, Vs, ki)icr}. For every t; € T;, W;(t;) =
Wi (i (1))

This lemma implies that the predictions delivered by W depend only on the belief

hierarchies induced by types. Therefore, they are invariant to the particular representation of

9Battigalli and Siniscalchi (2007) introduce a related notion of weak A-rationalizability, which imposes
initial beliefs restrictions under payoff uncertainty.
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the type space. Formally, if we use superscripts to indicate the type space on which W is
defined, then for any two type spaces T and 77, W7 (t;) = W7 (t}) if @i (t;) = ©*(t)). Due
to this invariance property, we can study W directly as a correspondence defined on the
universal type space T™.

Upper hemicontinuity captures the local robustness of a solution concept—defined on the
universal type space—to perturbations in higher-order beliefs. A solution concept that fails
this property may exclude strategies played by an arbitrarily “close” type under the product
topology on the universal type space. In such cases, its predictions depend sensitively on the
precise specification of the entire infinite hierarchy of higher-order beliefs.!” It turns out that

W is robust in this sense.

Lemma 2 (Penta (2010)). For everyn >0, W2(-) is upper hemicontinuous on T;*. Therefore,
W.i(+) is upper hemicontinuous on T} ; that is, for each t; € T} and any sequence {t;  }men C
T such that t;, — t;, if s; € W;(t;m) for all m then s; € W,(t;).

)

The convergence t;,, — t; (in the product topology) means that 9 (¢;.,,) = U} (¢;) for large
enough m, and 77 (t;,,,) — 77(t;) (in the weak* topology) as m — oo for every n.'! We next

define a notion of unique selection that plays a crucial role.

Definition 4 (Unique Selections). Given a type space {(T;,V;, ki)icr }, we say that strategy
s; € S; can be uniquely selected for type t; € T; if there exists a sequence {¢; ,,,}men C 17
such that t;,,, — t;, and {s;} = W;(t;,) for all m.

We envision a type t; € T; as an element of 7; and identify it with ¢*(¢;), i.e., the
conjunction of its payoff type and belief hierarchy. If a strategy s; can be uniquely selected
for a type t;, then s; is the only weakly rationalizable strategy for a type arbitrarily close to
t;. Therefore, a researcher cannot reject the strategy s; being played by type t; when she
cannot precisely pin down the infinite sequence of belief hierarchies.

In many economic applications, we focus on a finite type space {(7},V;, k;)ier} as a concise
model of players beliefs. In this case, the analyst makes a prediction P = X,_; P; for the

types in the type space. Each P, : T; — S; is a mapping that assigns to every type of player

10T he idea of robust prediction captured by upper hemicontinuity originates from Fudenberg et al. (1988)
and Dekel and Fudenberg (1990).

HFor a detailed discussion of the interpretation of robustness with respect to the product topology, see
Weinstein and Yildiz (2007). While the product topology is natural and intuitive, other topologies that impose
convergence requirements on behavior or beliefs have also been studied. Dekel et al. (2006) introduce the
strategic topology, which preserves the continuity of behavior, and examine its implications for the denseness
of finite types. Chen et al. (2010) further consider the finer uniform-weak topology and uniform-strategic
topology. They show that finite types are nowhere dense under these two topologies, although both are
equivalent to the strategic topology around finite types.

11



i a nonempty subset of strategies that may be played. Following Chen et al. (2022), we
define a notion of robust refinement which requires the prediction P;(t;) of ¢; to coincide with
an upper hemicontinuous refinement of W on T7. Intuitively, robustness demands that the
prediction P;(t;) include at least some weakly rationalizable strategies of the “true” type,

when the analyst’s model of the belief hierarchy can be slightly misspecified.

Definition 5 (Robust Refinements). Given a finite type space {(T;, V;, k;)icr }, we say P
is a robust refinement of weak rationalizability if there exists an upper hemicontinuous
sub-correspondence P* of W defined on 7™ such that Pi(¢;) = P (¢} (t;)) for every i € I and
t; € T;.

Note that by Lemmas 1 and 2, the prediction W is by default a robust refinement of
itself. In the next section, we provide a tight condition for a prediction P to be a robust
refinement of W. We further use this condition to characterize the Structure Theorem and

generic uniqueness of W (Weinstein and Yildiz, 2007).

3 Characterizations

For our characterization results, we employ a collection-based approach introduced by Chen
et al. (2014, 2022), which generalizes the notion of curb sets in Basu and Weibull (1991). In
particular, we study collections of subsets of strategies and the corresponding sequential best
responses against conjectures restricted by these collections. Although our characterization
results bear a formal resemblance to those in Chen et al. (2022), our analysis differs in
two important respects. First, rather than focusing on static games, we consider dynamic
environments in which sequential rationality is imposed throughout play. Second, players
receive information from a commonly known information structure before the game starts, so
the relevant collections must be defined based on this information structure. Consequently,

these collections are indexed not only by players but also by their payoff types.

3.1 The Upper and Lower W Collections

Our first goal is to compute the following two families of collections: The family of player i’s
upper W collections {ﬁj(ei)}&e@-’ where

ﬁj(@,) = {Rz S Sz : Hti c T’Z* s.t. ﬁ:(tl) = 91 and Rz 2 Wl(tz)},
and the family of player i’s lower W collections {7@(@)}0_6@_, where
RY0;) = {R; € 8;: ; € T st. 95 (t;) = 6; and R; € W,(t;)}.
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The notation with a bar indicates that these collections have an ex ante interpretation: they
do not depend on any specific type space and are only defined for each payoff type. Recall
that S; = 25\{0} and write S_; = X ; S;.

Definition 6. Fix a payoff type 6; € ©;. For a given 7; € A (6; x S_;), we say a distribution
i € A(0; x S_;) is consistent with U, if there exists a function f; : 6; x S_; — A(S_;) such
that

(i) fi(w, R_;)[R_j] =1 for every R_; € S_;, and

(i) Aifw,s—i] = ZR,Z.GS% ﬁi[W,R—i]fi(WaR—i)[S—i]-
Moreover, let C;(7;]60;) = {\i € A(6; x S_;) : \; is consistent with 7;} be the set of distribu-

tions over #; x S_; that are consistent with 7;.

To compute the upper W collections, let R1"(6;) = {S;} for each #; € ©; and i € I. For
n > 1, write R""7(0_;) = X iz ﬁ}’"_l(ej) and define recursively

Hﬁi e A (61 X S,IL> s.t.
RI™M0) = R €St (i) 7 [{(w, R_)): (0_y(w), R_;) € graph (ﬁty*) H —1; Y. Q)
(H> Rl 2 Uﬂ'iEAHi (0;xS_;):mi(p)eCi (Vi ]6:) ri(ﬂ-i ’ 91)

Note that the sequence ﬁj”(@z) is increasing in n and converges in finitely many rounds
for each 6; of player i. For computational purposes, observe that only the minimal elements
(under set inclusion) of R7"7'(A_;) are relevant for computing R!"™(6;). Moreover, the entire
collection R (6;) can be determined by identifying its minimal elements. Consequently, in
each round of the process described by (1), it suffices to keep track only of these minimal sets.

Similarly, to compute the lower W collections, we let ﬁf’o(ei) = §,; for each 0, € ©; and
i el Forn>1,write R*'"(0_) = X iz ﬁj’”_l(@) and define recursively

Hﬁi e A ((91 X S,Z> s.t.
REM0) = R €St (i) 7, [{(w, R_): (0_i(w), R_;) € graph (ﬁﬁy-l) H —1; . (2
(H) R'L g Uﬂ'iEAHi(GiXS,i):Wi((f))eci(ﬁi|0¢) ri(ﬂ-i ’ 91)

In this case, the sequence ﬁf"(@z) is decreasing in n and converges in finitely many rounds
for each type 6; of player i. This time, only the mazimal elements (under set inclusion) need
to be tracked throughout this procedure. The limits of the two procedures above exactly

characterize the upper and lower W collections.

Proposition 1. For every i € I and 0; € ©;, we have R!(6;) = U0 RI™6,), and
ﬁf@z) = ﬂnzo ﬁj"(gl)

All proofs are relegated to the appendix.
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3.2 Unique Selections and Robust Predictions

We now focus on an arbitrary finite type space T = {(1;,9;, ki)icr }. We begin by slightly
modifying Definition 6 to adapt it to the analysis of types at the interim stage.

Definition 7. Fix a type t; € T;. For a given v; € A (¥;(t;) x T_; x S_;) such that
margy, ;.\« , Vi = ki(t:), we say a distribution \; € A(J;(t;) x S_;) is consistent with
v; if there exists a function f; : 9;(¢;) x T_; x S_; — A(S_;) such that

(i) filw,t—i, R)[R-] =1,
(i) Nilw, sl =32 er, 2on jes , Vilwstoi, Rl fi(w, toi, Ry)[s—i].

As before, let C;(v; |t;) = { N € A(0;(t;) x S_;) = A; is consistent with 1;} be the set of

distributions over 9;(¢;) x S_; that are consistent with v;.

We now define, for each finite type t; € T;, the local upper W collection R°°(t;), which
consists of all strategy sets that constrain the rationalizable behavior of types in a neighborhood

of t;. Formally, for each type t; € T}, let
R%oc@é) = {Rz S Sz : El{ti,m}meN Q Tf s.t. tz‘,m — ti and Rz 2 Wz(tz,m) ‘v’m} .

These collections allow us to identify strategies that can be uniquely selected, as well as
predictions that are robust refinements of W. For example, by definition, any strategy
uniquely selected for a type corresponds to a singleton set in the local upper W collection for

that type.

Proposition 2 (Unique Selections). A strategy s; can be uniquely selected for a finite type t;
if and only if {si} € R(t:).

Moreover, a prediction is a robust refinement of weak rationalizability precisely when, for
each type, it assigns a set of strategies that intersects every element of that type’s local upper

W collection.?

Proposition 3 (Robust Refinements). Given a finite type space {(T;,0;, ki)icr }. A prediction
P is a robust refinement of weak rationalizability if and only if for every i € I and t; € T;,
we have Pi(t;) N R; # @ for all R; € RY°(t;).

12Therefore, robust refinements are analogous to the notion of robust equilibrium sets introduced by Morris
and Ui (2005) for complete-information games. In particular, an equilibrium set is robust if every perturbed
incomplete-information game in which payoffs coincide with those of the complete-information game with
high probability admits an equilibrium whose induced behavior is close to some equilibrium in the set.
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Our next objective is to describe a procedure for computing the local upper W collections
associated with a given finite type space. Fixing (v;,7;) € A (9;(t;) x T—; x S_;) x A(94(;) X
S_;) and an arbitrary € € (0, 1], we define

Ci(vi, Ui, e|ty) = {)\i € A(Wi(t;) x S) AN A € Gl [ 1) x Culwa [ 9:(t) 5.t } .

A= (1= )N + e

We now introduce an iterative procedure to compute R1°(¢;). For each i € I and t; € T, set
loc, loc,n— loc,n—
RO (t) = RI(W4(t;)). Forn > 1, let RV (t_) = Xz Ry '(t;) and define

(2

;

Ve € (0, 1],
v, 7)) € A(0i(t;) x Ty x S—;) X A (9;(t;) X S—;) s.t
) margy, ;«r, Vi = Ki(ti);
i) v [{(w t_yyR_;): (t_;, R—;) € graph (Rlocn !
iii) 7, H( JR_;) : (0_;(w), R_;) € graph <’RL>}

| 0

iv) R; 2 Uﬂ EAMi (95(t:)xS_i) i ($)EC; (vs, 75,2 | 1) ri(m;

Rl'oc,n(ti) ={ R, € ﬁj(ﬂz(tz)) :

(i
(
(
\ ( )
(3)

Each sequence {Rioc’”(ti)}wo is decreasing and converges in finitely many rounds. Intuitively,
at each round n, the distribution v; represents a small perturbation of type ¢;’s belief hierarchy
from the second order up to order n, while 7; captures an arbitrary but rationalizable first-
order perturbation weighted by a small probability €. Taken together, these distributions
describe how player ¢ behaves under slight perturbations of the first n levels of the belief

hierarchy, which is then summarized by RI°“"(t;). Therefore, the limit of this procedure

characterizes the local upper W collections.
Proposition 4. Fiz a finite type space {(T;,;, Ki)icr }. For each player i € I and type t; € T;,
we have R (t;) = N0 RO ().

3.3 The Structure Theorem and Generic Uniqueness

In this section, we build on our previous analysis to identify exact conditions on the information
structure under which the Structure Theorem and generic uniqueness of weak rationalizability

hold, respectively.

Proposition 5 (The Structure Theorem). For a given information structure, the following

statements are equivalent:

(1) For every finite type t; € T}, any strategy s; € W,(t;) can be uniquely selected for t;;
(2) For everyi € I, 6; € ©;, and R; € R} (6;), we have {s;} € R1(6;) for all s; € R;.
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This characterization provides a practical tool to determine whether a Structure Theorem
for weak rationalizability holds: it suffices to compute the families of upper and lower W
collections for each player i. Although the proof of Proposition 5 relies on the characterization
of the local upper W collections RI°°(;), computing them is not necessary when applying
Proposition 5 (the same observation applies to Proposition 6 below). Our condition is both
sufficient and necessary: the Structure Theorem holds if and only if every strategy that is
rationalizable for a type is uniquely rationalizable for some type with the same payoff type.
This parallels the characterizations obtained by Chen (2012) and Chen et al. (2022) for static

games.

Remark 1. The Structure Theorem for weak rationalizability generalizes the one for interim
correlated rationalizability (ICR) in static games. Here, we emphasize a caveat in the
interpretation of this generalization. In static games, enlarging the space of payoff uncertainty
permits richer perturbations of higher-order beliefs but does not alter the ICR predictions
for a given type space. Therefore, when working with a finite type space, a researcher can
conclude that, provided richness holds, the computed ICR strategies deliver the strongest
robust prediction. However, no analogous statement can be made for weak rationalizability
W (or its refinements) in dynamic games. This is because W is sensitive to the common
knowledge assumption embedded in the information structure, so enriching the candidate
information structure may change the set of weakly rationalizable strategies associated with

a given type space.'?

Proposition 6 (Generic Uniqueness). For a given information structure, the following

statements are equivalent:

(1) For every i € I, the set U; = {t; € T; : |W;(t;)| = 1} is open and dense in T};
(2) For everyi € I, 0; € ©;, and R; € R (6;), we have {s;} € R](6;) for some s; € R;.

This result shows that the W correspondence on T* is generically single-valued if and
only if every set of rationalizable strategies for a type contains at least one strategy that is
uniquely rationalizable for some type with the same payoff type. This condition is strictly
weaker than the one characterizing the Structure Theorem. Note that when the richness
condition of Penta (2012) holds, we have {s;} € R](6;) for every s; € S;, so condition (2) of
both Propositions 5 and 6 is satisfied. Hence, these two propositions together imply Theorem
1 of Penta (2012).

13Tn the terminology of Penta (2012), while ICR. is information-invariant in static settings, weak rationaliz-

ability need not be information-invariant in general.
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HOMO

Figure 1: Example 1—A two-player game.

Remark 2. The proof of Proposition 6 yields an induced solution concept that is of interest

in its own right. Define
Wit:) = {si € S {s:} € RI(0:) ]

as the set of strategies that are uniquely rationalizable for payoff type 6;.'* For each t; € T},
let WO(t;) = W2(;(t;)). For n > 1, let W™ '(t_;) = X ot W;’"_l(tj), and define

(i, i) € A (9;(t;) x S_) x A(W;(t;) x Ty x S_;) s.t
(1) margy, )t , i = i(ti);

(il) p [{(w,t_z, s_;): (t_;, s_;) € graph (Wf’f_l) }] =1;
(iii) 7;(¢) = margy, ) xs_, Mi;

(iv) s; € ri(m; | 94(L;))

\ J

Finally, let W (t;) = (1,50 W; " (;). This procedure defines a version of weak rationalizability
restricted to strategies that are uniquely rationalizable. The arguments in Appendix A.1.6
imply that, when condition (2) of Proposition 6 is satisfied, W" is nonempty and delivers
the strongest robust refinement of W. That is, W" refines any upper hemicontinuous sub-
correspondence of W, and any proper refinement of W fails to be upper hemicontinuous.

Of course, when condition (2) of Proposition 5 holds, we have W" = W.

We now use an example to illustrate how to apply our characterization results.

14This set plays a role analogous to A in Penta (2013) and B; in Penta and Zuazo-Garin (2022).
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Example 1. Consider the two-player game depicted in Figure 1. Player 1 moves first and
chooses either to opt out (O) or to enter the second stage (£). If player 1 enters, he then
chooses between left (L) and right (R), after which player 2 chooses between left (¢) and
right (r) without observing player 1’s choice. Payoff uncertainty concerns only player 1’s
payoff when the second stage is reached, and it is common knowledge that player 1 privately
knows his own payoff. Therefore, ©; is the discrete partition of {2, ©, is the trivial partition,
and us is constant on (2. We examine three possible specifications of €.

Case 1. First, suppose the analyst models this strategic interaction as a complete
information game with Q = {0}; i.e., it is common knowledge that player 1 obtains 0 after mis-
coordination in the second stage. The analyst makes a prediction using weak rationalizability.
In this case, the universal type space is degenerate and only contains one type for each player:
fori=1,2,

O (t58) = {0}, T = {tf°} and &, (¢7°) [t5F] = 1.

It is easy to see that all strategies are rationalizable. For player 1, E'L is the (sequentially)
best response to ¢, ER is the best response to r, and O is the best response to a conjecture
that attaches equal probabilities to ¢ and r; For player 2, ¢ is the best response to F L, and
r to ER. Therefore, Wy (t{®) = {O, EL, ER} and W, (t§®) = {¢,r}. Moreover, since the
universal type space is degenerate, any refinement of W is robust by definition.

Case 2. Now suppose the analyst relaxes the common knowledge assumption and
acknowledges the possibility that w = 4. However, for model simplicity, she maintains the
assumption of common initial belief in w = 0. In other words, the analyst continues to work
with a type space that only contains t$® and t$, but the universal type space becomes
larger due to the richer payoff uncertainty Q = {0,4}. Using the argument in Case 1, we
have W1 (t$®) = {O,IL,IR} and W, (t§®) = {¢,7}."> The upper W collections can be
computed according to definition (1), and we only need to record those minimal elements in

the iterative procedure, as shown in the following table

n 0 1 2 3
RI™6,={0}) | Sy Sy S,  {EL} {EL}
RIM0:={4}) | i {EL} {EL} {EL} {EL}
Ry"0:=9) | S S { {0 {f

There are two key steps in the computation above. In the second round, we can pick a
distribution 7, € A(Q2 x &) for player 2 such that Us[(4, { EL})] = 1; therefore, {¢} becomes
an element of R1?(A,). Then in the third round, we can pick a distribution 7; € A({0} x Sy)

15Note that such invariance of weakly rationalizable strategies with respect to the information structure is
not a general property. See the discussion following Proposition 5 and the analysis of information invariance
in Penta (2012).
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for player 1 such that 7,[(0, {£})] = 1, which makes {EL} an element of R1*(6; = {0}). The
process converges after four rounds.

Now applying Proposition 6, we know the prediction of weak rationalizability is generically
unique on the universal type space. In particular, only E'L is uniquely rationalizable for player
1 regardless of his private information, and ¢ for player 2. Therefore, WY (¢7®) = {EL} and
A\ (tSB) = {(} is the strongest robust refinement of W for the complete-information types
that the analyst uses to model players’ beliefs.

Case 3. The analyst maintains the assumption of common initial belief in w = 0, but
now relaxed the common knowledge assumption to = {0,4,—4}. As before, we have
W, (t§%) = {0, EL, ER} and W, (t§®) = {¢,}. We now summarize the iterative procedure

of computing upper W collections by recording the minimal elements in each round

n 0 1 2 3
RIM6:=1{0}) | S S S {O}{EL}{ER} {O}{EL}{ER}
R0 =1{4}) | S {EL} {EL} {EL} {EL}
RI™01={-4}) | . {ER} {ER} {ER} {ER}
RY'0:=9Q) S Sy {0} {r} {¢},{r} {3, {r}

Note that {O} enters R|™(; = {0}) starting from the third round, because it can be justified
by a distribution 7; € A({0} x 8») such that 71[(0,{¢})] = 71[(0, {r})] = . Intuitively, even
though player 1 knows that w = 0, he may assign probability % to a player 2 who chooses /¢
while believing that the state is w = 4 and player 1 plays F'L, and complementary probability
% to a player 2 who chooses r while believing that the state is w = —4 and player 1 plays
ER. Under such a conjecture, playing O becomes the unique best response.

On the other hand, the lower W collections can be easily seen from the facts that
W, (th) =51, Wy (th) = Sy, and player 1 has a dominant strategy when 6; = {4} or
{—4}. Specifically,

Ri(01 ={0}) =81, Ri(61 = {4}) = {EL}, Ri(6: = {-4}) = {ER},

and
Ryl =Q) =S,

Applying Proposition 5, we conclude that the Structure Theorem holds for weak rationaliz-
ability; in other words, every rationalizable strategy can be uniquely selected for t{ and ¢$B.

Therefore, any proper refinement of W is not a robust one.' O

16The information structure in Case 3 also provides an example where the richness condition of Penta

(2012) is not satisfied, but the Structure Theorem does hold by our characterization result.
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4 Applications

In this section, we demonstrate how our characterization results can be used in three
applications. We first show that a refinement of weak rationalizability, termed strong
rationalizability that is of particular relevance in dynamic games, is robust. In the remaining
two applications, we begin with modeling frameworks commonly used in applied game theory,
such as finite type spaces or complete-information environments, and then relax common
knowledge assumptions in ways tailored to specific modeling concerns. The idea is that we,
as researchers, may have confidence in certain aspects of a model while being uncertain about
others. We show that robustness to higher-order uncertainty can, in some cases, help us

sharpen our predictions.

4.1 Strong Rationalizability: A Robust Refinement

The notion of strong rationalizability, sometimes referred to as extensive form rationalizability,
was first studied by Pearce (1984) and Battigalli (1996, 1997).!" Beyond assuming that
opponents are rational, this concept embodies a “best rationalization principle”: players should
always believe that their opponents are employing one of the “most rational” strategy profiles
that are consistent with their private information and observed behavior, attributing any
inconsistency to the opponents’ highest level of strategic sophistication. This logic leads to a
form of forward induction reasoning, whereby observed behavior shapes a player’s conjectures
about opponents’ information and their future play.

In the literature, strong rationalizability is typically defined in a belief-free manner,
without specifying a type space that models players beliefs and higher-order beliefs (see, for
example, Battigalli and Siniscalchi, 2002). We first present this definition and subsequently

introduce an interim version based on it.

Definition 8 (Belief-Free Strong Rationalizability). For every i € I and 6, € ©;, let
SY(6:) = S;. For n > 1, write S"7'(6_;) = X,; S7~'(6;) and define

(

I, € AMi(0; x 5_,) s.t.

- - (i) mi(9) [{(w, 5-4) : (B-i(w), 5-i) € graph (S1) }] =1
S(0:;) =< s; €SP0 ¢ (ii) Vh € H,, (Uwe@ 0_i(w) x S_;(h)) Ngraph (S";') # @
implies m;(h) [{(w, 5-:) : (0-s(w), s—:) € graph (S™7") }] =

(111) S; € Ti(ﬂ-i | QZ)

\ Vs

1"Battigalli and Siniscalchi (2002, 2007) extend strong rationalizability to dynamic games with incomplete
information and provide epistemic characterizations. Piermont and Zuazo-Garin (2026) analyze an interim

version under potential model misspecifications and examine its robustness in this more general setting.
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Finally, let S;(6;) = Mo S7(6;).

This is an iterative elimination procedure that imposes restrictions on belief revision at
unexpected information sets. In particular, at each round n, if an unexpected information set
is consistent with some combination of opponents’ payoff types and strategy profiles surviving
the previous round S™;', then player i attaches probability one to S™;* (i.e., continues to
believe that opponents are rational). This procedure formally captures players’ rationality
and common strong belief in rationality (Battigalli and Siniscalchi, 2002).

In many economic applications, however, we are interested in predictions of strong
rationalizability when a small type space is used to represent players’ initial beliefs (e.g.,
a type space with finitely many payoff types). This motivates an interim notion of strong
rationalizability for a given type space. The key idea is that players’ conjectures should be
consistent with the type space at the initial information set, but upon being “surprised,”
initial beliefs assigned by the type space may be abandoned. Nevertheless, knowledge of the
information structure and strong belief in rationality should be maintained.'® This implies
that belief revision must be constrained by the belief-free notion of strong rationalizability
introduced above, which records the strategies that are strongly rationalizable for some type
in the universal type space associated with each payoff type.'” This leads naturally to the

following interim notion of strong rationalizability, denoted by S.

Definition 9 (Strong Rationalizability). Fix a type space {(T;,¥;, k;)ier}. For every i € I
and t; € Ty, let SU(¢;) = S(0;(t;)). For n > 1, write S";'(t_;) = X iz Si(t;), and define

( 3\

(7, i) € A (9,(t;) x S_;) x A(Wi(t;) x Ty x S_;) s.t
B (i) margy, yur, b = Filti);

Si(ti) = S si € Si(Vi(ty)) = (ih) i [{(w, s, s-4) ¢ (t—i, s—;) € graph (S";') }] = 1;
(iii) (@) = margy, )., Hi;

(iv) s; € ri(m; | 94(t:))

\

Finally, let S;(t;) = (0,50 S} (t:). Also, denote S = X, ;S;.

iel

The definition of S highlights a conceptual distinction between the information structure
and the type space: the type space only serves as a modeling device for the analyst to
represent players’ initial beliefs, whereas the information structure records hard information
that players hold throughout the play. Definitions 8 and 9 reflect precisely this hierarchy

between belief and information.

18This interpretation is analogous to a setting studied in Battigalli and Siniscalchi (2007), where there is

common certainty of a state conditional on the initial information set ¢ alone.

19We do not provide a formal proof of this statement here. A related result for belief-free rationalizability
in static games is established by Ziegler (2022).
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The formulation of S differs from the one in Piermont and Zuazo-Garin (2026), where
the type space encodes not only players’ initial beliefs but also their persistent beliefs that
are maintained throughout. Although our definition of S involves two steps, it follows a
consistent pattern. Much like the notion of W" in Remark 2, the refinement is computed in
the exact same manner as W in Definition 3, starting from a particular subset of strategies.
Moreover, the procedure is computationally tractable in economic applications, especially
when the type space is finite: the iterative procedure requires solving only finitely many
optimization problems and avoids working with the infinite-dimensional universal type space.
A natural question is whether this refinement of weak rationalizability, which incorporates

strong belief, is robust. The following result provides a positive answer.
Proposition 7. For any given finite type space, S is a robust refinement of W.

A closely related result was first established by Piermont and Zuazo-Garin (2026), who
show the local robustness of strong rationalizability to misspecifications of higher-order beliefs.
In their paper, strong rationalizability is shown to be an upper hemicontinuous correspondence
on the universal type space. Although our proof of Proposition 7 builds on Propositions 3 and
4, one could alternatively argue as follows: first, show that our definition of S is equivalent to
that in Piermont and Zuazo-Garin (2026) when restricted to the universal type space; then,
show that S is type-space invariant (i.e., S;(t;) = S;(¢}(t;)) for any finite type t;); and finally,
invoke the upper hemicontinuity of S on the universal type space.

Our proof, however, sheds some light on why common strong belief in rationality preserves
local robustness. When perturbing beliefs at each order (equation (3)), one can always
construct a conjecture consistent with the perturbed hierarchy that also respects common
strong belief in rationality. This implies that, for every finite type t; and every element of
the local upper W collection RI°°(¢;), some strategy in that set, as a best response to the
constructed conjecture, must also lie in S;(¢;). Piermont and Zuazo-Garin (2026) further
note that when the information structure is sufficiently rich, strong rationalizability loses its
refinement power. Our results echo this observation: when condition (2) of Proposition 5
holds, for every finite type t;, any proper refinement of W;(¢;) fails to be robust; therefore,
we must have S;(¢;) = W;(t;).%°

4.2 Privacy of Information

When modeling strategic interactions with incomplete information, we sometimes assume

that a party receives a hard piece of information, while the other party is uninformed. In

20This equivalence provides a generalization of the insight in Battigalli and Siniscalchi (2007), which focuses

on complete-information types in environments with rich payoff uncertainty.
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other words, the information is privately learned and exclusive to the owner. For example, in
an auction with private values, the seller does not possess any information about bidders’
valuations (except the prior distribution); in a signaling game, the characteristic of a sender is
private information and unavailable to the receiver. In this subsection, we consider predictions

that are robust when we perturb common knowledge about the privacy of such information.

Example 2. We use the well-known Beer-Quiche game (Cho and Kreps, 1987) to illustrate
how the common knowledge assumption regarding the privacy of information can be relaxed.
A sender (player 1) and a receiver (player 2) move sequentially in a two-stage game. The
sender’s characteristic can be either high (h) or low (¢), with ex ante probabilities p € (0, 1)
and 1 — p, respectively. In the original formulation, the sender knows his own characteristic
but the receiver does not, and this is common knowledge.

We extend the information structure by allowing for the possibility that the sender’s
characteristic is not private—that is, the receiver may also observe it. The state space is
Q = {wl, wl, Wi, Wi}, where the superscripts indicate the characteristic of the sender and the
subscripts indicate whether the characteristic is observed (o) or private (p). The players’

information partitions are given by
0, = {07,0(}, where 0 = {wg,wg} and #{ = {wg,wﬁ},

and

O = {0},65,65}, where 0} = {w!'}, 65 = {w}} and 65 = {w}!, wi}.

In words, player 1 observes his own characteristic but does not know whether player 2
observes it, while player 2 either observes player 1’s characteristic or remains uninformed.
The resulting information structure is illustrated in Figure 2, where player 1’s information

partition is depicted using solid boundaries and player 2’s using dashed ones.

h l
4 0
- N (L ----- )
1 ] 1 1
h . ____|. h ! ¢ H Y4
02 € W : o Wo : 9€2
\ 1 ' 1
(cCTTTTTT A \
h 2N 14
Wy Wy + 04
1
\ -~ -~----)--QC----- l)

Figure 2: Information structure in Example 2.
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Figure 3: Beer-Quiche game with uncertainty about information privacy.

We can now envision the original formulation as a type space T defined as

T = {t}llatﬁ} ) T = {tg}7
ri () [B] =1, s (1) (B3] = 1, and sy (85) [t1] =1 — k2 () [t5] = p.

By employing this type space, the analyst assumes common initial belief in the privacy of
sender’s information. However, higher-order uncertainty about information privacy is present
when types in 7 are perturbed in the universal type space.

Actions and payoffs are depicted in Figure 3.2! Intuitively, a sender of characteristic h (¢)
prefers the message R (L). The receiver’s action U reduces the sender’s payoff regardless of
the sender’s characteristic, while the receiver prefers action U only when facing a sender of
characteristic £. The dotted rectangle in the center corresponds to the original Beer—Quiche
game; the additional branches represent states in which the sender’s characteristic is no longer

private information.

21The figure provides an ex ante description of the signaling game, whereas our solution concept is defined
at the interim stage. In particular, the dashed rectangles do not represent any information sets h € (J;o; Hs
in the extensive form &; rather, they are induced by the information partitions ©; in the information structure
T.
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RI"(6Y)  RI"(6) Ry" (65) Ry"(63) RY"(65)

0 S S S S Sy

1 S St S\{UU}, S;\{DD}  {UU}  {DD}

2 {R} {L}  S\{UU}, ss\{pp}y  {UU}  {DD}

3 {Rr} {L} {DU} {uv}y  {DD}

4 1 {Ly.{r}y {L} {DU} {vv}y  {DD}

5 | {LhAry {L} {DU}{UU} {vv}y  {DD}
{Ly AR} {L} {DU}{UU} {vv}y  {DD}

Table 1: Upper W collections. Only minimal elements are reported in each round.

Weak rationalizability has weak predictive power for types in 7. Write the strategy of
the receiver as a concatenation of actions when facing messages L and R. Only UU (DD)
is removed in the first round when p < % (p> %, respectively), and the iterative procedure

converges in the second round. In particular, we have

{DU,UD,DD} if p < L
W () = Wi (t]) = {L, R}, and W,(t5) = { {DU,UD, DD,UU} if p = }
{(DU,UD,UU} if p > L.

We next show that W admits a robust refinement. To this end, we compute the upper
W collections summarized in Table 1. As before, only minimal elements are listed in each
round. By Proposition 6, we know that W is generically unique on the universal type space.
Moreover, by Remark 2, the strongest robust refinement of W, W", can be computed by
an iterative procedure restricted to uniquely rationalizable strategies, which leads to the

following predictions:
e When p < 3, Wi(t}) = {L}, Wi(t]) = {L}, and W3(t;) = {DU};
o When p > 3, Wi(t}) = {L, R}, Wi(t]) = {L}, and W3(t5) = {DU,UU}.

For any value of p, W" delivers strictly sharper predictions than W. When the ex ante
likelihood of the sender having characteristic h is low (p < %), the strongest robust refinement
of weak rationalizability predicts that the sender of either characteristic plays L in the first
stage, and that the receiver plays DU as a response. Any other behavior would rely critically
on the knife-edge assumption that the privacy of the sender’s characteristic is a common initial
belief. Notably, this prediction coincides with the only sequential equilibrium outcome that
satisfies the Intuitive Criterion (Cho and Kreps, 1987). However, our argument is concerned

with relaxing common knowledge of information privacy and higher-order uncertainty due to
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such relaxation, but does not rely on the common belief in a fixed equilibrium outcome (see
Cho and Kreps, 1987; Battigalli and Siniscalchi, 2002, 2003).

On the other hand, when the ex ante likelihood of & is high (p > %), both messages are
rationalizable for the sender of characteristic h, and any proper refinement of this prediction
fails to be robust. Nevertheless, the strongest robust refinement still yields sharp predictions
for other types: it implies that the sender of characteristic ¢ plays L, and that the receiver

responds with U upon receiving the message R. &

In Example 2, weak rationalizability is generically unique on the universal type space and
therefore admits a strongest robust refinement. In what follows, we establish this result more
generally under certain conditions. Consider a finite signaling game. A sender (player 1)
chooses a message m € M from a finite set M in the first stage, and a receiver (player 2)
responds with an action a € A upon observing the message. In our language, the strategy
sets of the two players are S; = M and Sy = AM_ respectively.

There are K € N possible characteristics of the sender. The state space () satisfies
2] = 2K, and we write

1,1 2,2 K K
Q = {wy, Wy, Wy, Wy, - ., Wy, Wy}

As before, the superscript o implies that the quality of the sender is observed, while p means

the quality is private. The information partitions of the two players are
©1 = {61,67,...,67}, where 0f = {w w} for each k =1,2,... K,
and

O = {63,63,...,05,65}, where 05 = {w.} for each k=1,2,..., K, and 6} = {w},w?, ..., wi}.

p?

The players’ utilities depend on the characteristic of the sender but not on whether this
characteristic is observed by the receiver; that is, for each i = 1,2, u;(w¥, m, a) = u; (w;f, m,a)
forall k=1,2,... K.

We make the following assumption regarding payoffs in the signaling game.

Assumption 1. (i) For each w € 2, m € M, and a,d’ € A such that a # @, us(w, m,a) #
ug(w,m,a’). Moreover, for each w € Q, m,m’ € M such that m # m/, and a,a’ € A,
uy(w,m, a) # uy(w,m’, ).

(ii) Let a(w,m) denote the response such that {a(w, m)} = argmax,. 4 us(w, m,a). For

each m € M, there is a state w™ € 2 in which argmax,, ¢, w1 (W™, m', a(w™,m’'))) = {m}.

Part (i) of Assumption 1 requires that the game has no relevant ties. This condition
is slightly weaker than the assumption that payoffs in the signaling game are in “generic

position” (see, for example, Battigalli, 1997). Part (ii) is weaker than the standard “richness
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condition” in the literature (Chen, 2012; Penta, 2012). In particular, it does not require
that each message be a dominant strategy for the sender in some state; instead, it only
requires that the message be the unique one selected by backward induction under complete

information in some state. Clearly, Example 2 satisfies Assumption 1.

Proposition 8. Suppose the signaling game satisfies Assumption 1. The set of types that

have a unique weakly rationalizable strategy is open and dense in T fori=1,2.

For any type space that imposes common initial belief in the privacy of information, an
analyst can then employ W" to deliver a robust prediction. Naturally, the specific messages
and responses that stand out under this refinement of weak rationalizability depend on the
ex ante likelihood that players assign to different characteristics of the sender (e.g., the

parameter p in Example 2).

4.3 Observability of Actions

In our analysis so far, we have assumed that players interact according to a commonly
known extensive form £. Nonetheless, it is both natural and important to investigate the
consequences of perturbing this common knowledge assumption. For example, there may be
higher-order uncertainty about whether moves are truly simultaneous or whether a player
can distinguish among nodes within a given information set. In other words, the game itself
may be subject to extensive-form uncertainty. Penta and Zuazo-Garin (2022) formulate and
study this local robustness problem in static games.?? They first characterize the predictions
that captures Rationality and Common Belief in Rationality (RCBR) and then introduce a
robust refinement that typically delivers sharp predictions when higher-order beliefs about
observability of actions are perturbed.

In this section, we illustrate how our results can be applied to generalize their analysis
and shed light on the underlying forces driving their findings. In particular, we focus on
observability of actions in static games as in Penta and Zuazo-Garin (2022). However, unlike
their setting, where actions are either perfectly observed or not observed at all, we allow for
arbitrary partial observability of earlier moves. To this end, we slightly extend our framework
to incorporate extensive-form uncertainty, as described below.

Consider a two-player static game with complete information [, referred to as the base
game. Each player i = 1,2 has a finite set of actions A;. When (a1,as) € A; X Ay is played,
each player i obtains payoff u;(a1, as). We impose an assumption on payoffs in the base game

so that there are no relevant ties.

22Earlier work on extensive-form uncertainty includes Robson (1994), Reny and Robson (2004), Kalai
(2004), Solan and Yariv (2004), and Zuazo-Garin (2017). In an information design setting, Doval and Ely
(2020) and Makris and Renou (2023) study extensive-form robustness from a global perspective.
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Assumption 2 (Penta and Zuazo-Garin (2022)). For each i € {1,2}, j # i, and a; € A;,
there exists a unique aj(a;) such that argmax, ¢, 4;(a;, a;) = {aj(a;)}. Moreover, for each
ai,a; € Ay such that a; # aj, 4;(ay, af(a;)) # wi(aj, a3(a;)).

Under this assumption, if it is common knowledge that one player moves after perfectly
observing the action chosen by the other player, the game admits a unique outcome obtained
by backward induction. We denote by a; the unique maximizer of u;(as;, a}(a;)) and define
a’ = aj(aj). That is, af is the Stackelberg action chosen by player ¢ when moving first, and a}
is player j’s best response upon observing a;.

We now introduce a derived game with incomplete information that can accommodate
uncertainty about the observability of actions. For each ¢ = 1,2, let II; be a (potentially

empty) collection of nontrivial partitions of the action set A;, and define the state space as

Q= {WOJ (Wfl )7’161'[17 (W§2)P2€H2}‘

In state w’, the game is a genuine simultaneous-move game; in state wzp ‘, player ¢ moves
first, while player j observes player i’s action only up to the partition P;. The information

partition of each player i = 1,2 is

0, = {67, <9fj)7)j€1‘[j}, where 6 = {wo, (w*)p,en, } and 6] = {w;)j} for all P; € I1,.

1

In words, player ¢ either is uncertain about whether the opponent can observe his own action,
or knows that he can observe the opponent’s action according to some partition P;. The

resulting information structure Z = {2, (01, 09)} is illustrated in Figure 4.

____________

Figure 4: Information partitions with extensive-form uncertainty.

The only departure from our earlier framework is that every state is now associated with a
different extensive form. In state wy, the extensive form coincides with the base game I'y = r

where two players move simultaneously. For each i = 1,2 and action partition P; € II;, the
P

extensive form FZ) corresponding to state w; "’ is a two-stage dynamic game. In this game,
player 7 moves first by chooses an action in A;, after which player j selects an action in A;

conditional on the cell of the partition P; containing player ¢’s action. That is, each cell of P;
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forms an information set for player j at the second stage. The set of strategies available to

player ¢ depends on his payoff type and is defined as

A if 6; = 69,
A7 i 0, =0

1 7

where Afj denotes the set of mappings from P; to A;. Thus, when player ¢ cannot observe
the opponent’s action, he simply chooses an action in A;, whereas when he moves second, his
reaction must be measurable with respect to his observation. Let P;(a;) denote the cell in P;
that contains action a;. The utility function of player i = 1,2 in the derived game is then
given by

Wi (i, 55) if w = wo,

ui(w, 2(56,55)) =  Wi(si,55(Pils))) if w = W,

Wi(s:(Pi(s)), ) if w = w. .

Although the extensive form varies with the state of nature, we emphasize that each
player knows his own set of available strategies. Moreover, throughout the play, reaching
any particular information set does not reveal additional information beyond what has been
encoded in the information structure. Precisely for this reason, all of our analysis carries over
once the strategy sets S; are replaced by S;(6;) (or S;(¥;(t;))) for a player ¢ with payoff type
0; (or type t;, respectively).?® Therefore, all results apply verbatim in this environment and
can be used directly in what follows.

Of particular interest is the case in which the game is truly simultaneous (i.e., w = wy)

and there is common (initial) belief therein. This situation can be modeled by a type space

To = {(1}, Vi, ki)i=12} defined as
T = {10}, 9i(t) = 600, and y(#))[t,] = 1, for i = 1,2,

Viewing this type space as embedded in the universal type space generated by Z, we may ask
which predictions are robust when higher-order beliefs of each t? about the observability of
actions are perturbed.

We focus on a class of games considered in Penta and Zuazo-Garin (2022), which includes,

for example, the unanimity games in Harsanyi (1981) and Kalai and Samet (1984).

Proposition 9. Suppose the base game r satisfies Assumption 2, that both players strictly
prefer any Nash equilibrium off to any non-equilibrium profile, and that they are indifferent

over non-equilibrium profiles. Then, given the type space Ty,

3 Accordingly, ; x S; should be replaced by [J,,cq, {w} x S;(0;(w)), and 8; x S; by U,,cp, {w} x S;(0;(w))
where S;(0;) is the collection of nonempty subsets of S;(6;).
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(i) The prediction P defined by P(t%) = {ai,al} for each i =1,2 is a robust refinement of

weak rationalizability;

(ii) If there exists a partition P; € 1I; such that {ai} € P; for both i = 1,2, then the
prediction P with P(t)) = {a! a‘j} for each i is the strongest robust refinement of weak

17 7

rationalizability;

(iii) If there exists a partition P; € I1; such that {a'} € P; and II; = 0, then the prediction
defined by P(t)) = {ai} and P(t}) = {a}} is the strongest robust refinement of weak

rationalizability.

Part (i) of Proposition 9 shows that, under common belief that the game is static, the
prediction that selects, for each player, only the Stackelberg action and the best response to the
opponent’s Stackelberg action always constitutes a robust refinement of weak rationalizability,
regardless of the information structure that governs action observability. This result is
particularly powerful, as the robust refinement contains only two actions for each player,
although the set of weakly rationalizable actions may be arbitrarily large. Part (ii) extends
Proposition 2 of Penta and Zuazo-Garin (2022) by demonstrating that the “Stackelberg
selections” result holds in a more general environment. Rather than assuming actions are
either perfectly observable or not at all, it suffices that the Stackelberg action of each player
can be identified. Part (iii) parallels their finding for one-sided uncertainty and shows that,
when it is common knowledge that only one player can be the first mover, that player has a
de facto first-mover advantage: the Stackelberg outcome is uniquely selected and constitutes

the strongest robust refinement of W.**

Remark 3. Unlike in Penta and Zuazo-Garin (2022), the results in Proposition 9 do not
come from the fact that weak rationalizability is generically unique on the universal type
space. This is because, when the follower cannot perfectly observe the action chosen by
the first mover, multiple best responses may arise, depending on the beliefs formed under
imperfect observation. Nevertheless, these responses still generate the appropriate “seeds” for

first-mover behavior, allowing the argument to proceed by invoking Proposition 3.

Example 3. Consider the augmented Battle of the Sexes game depicted in Figure 5a.
Clearly, this base game satisfies the assumptions in Proposition 9. By Proposition 9(i), the
prediction {U, M} for player 1 and {L,C'} for player 2 constitutes a robust refinement of
rationalizability when there is common belief in the base game, regardless of the information

structure describing potential observability of actions.

24Gee, for instance, Cooper et al. (1993) for experimental evidence documenting this focal-point effect

generated by asynchronous moves.
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L C R

U|4,2]10,0]00
M 10,0|2,4]0,0
D |0,0]0,0]1,1
(a) The base game 4 0 0 0 9 0 0 0 1
(&) G) (o) G) () ©) 6) ©) 6

(b) The extensive form in state w!

Figure 5: The two extensive forms in Example 3

Now suppose there are two possible states Q = {wo,w]"}, where P, = {{U},{M, D}}.
Thus, either the game is truly simultaneous, or player 1 moves first and player 2 observes
player 1’s action only up to the partition P;: she can identify U but cannot distinguish
between M and D. The extensive form associated with state w!" is depicted in Figure 5b.
Player 1 has a single payoff type, 60 = {wo,w!'}, and hence cannot distinguish between the
two extensive forms in Figure 5. Player 2 has two payoff types, 69 = {wo} and 6)* = {w!'}:
the former knows that the interaction is the simultaneous-move base game, whereas the
latter knows the game is dynamic with partial observation. Applying Proposition 9(iii), the
prediction that player 1 plays U and player 2 responds with L delivers the strongest robust

refinement of rationalizability under the assumption of common belief in the base game. <

5 Conclusion

In this paper, we study weak rationalizability and its refinements in dynamic games with
general payoff uncertainty. A central feature of our analysis is the distinction between the
information structure, which captures commonly known features of payoffs and the extensive
form, and the type space, which serves as a modeling device to represent players’ initial beliefs.
We investigate the local robustness of predictions to perturbations of higher-order beliefs in
the universal type space generated by a given information structure, thereby restricting the
admissible directions of belief perturbations.

Using a collection-based approach, we characterize the strategies that can be uniquely
selected and identify refinements of weak rationalizability that remain robust to misspecifi-
cations of higher-order beliefs around finite types. We further use these results to provide

necessary and sufficient conditions on the information structure under which the Structure
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Theorem and generic uniqueness hold for weak rationalizability.

We apply our framework to show that strong rationalizability—a solution concept that
incorporates forward-induction reasoning that has received considerable attention in the
literature—constitutes a robust refinement of weak rationalizability. We also demonstrate how
to apply our results in two economic applications in which common knowledge assumptions
about either the information structure or the extensive form are perturbed. In contrast
to the work in the literature where all common knowledge assumptions are relaxed by a
richness condition, our analysis shows that relaxing common knowledge along economically
meaningful dimensions can sharpen predictions through local robustness.

We view the applications studied here primarily as illustrations of a broader methodological
toolbox. The framework developed in this paper opens the door to studying local robustness
in richer environments, such as settings in which players can acquire new information during
play or face uncertainty about the observability of actions in genuinely dynamic interactions.
The relevance of these questions ultimately depends on the empirical importance of relaxing
common knowledge assumptions in specific economic environments, and exploring these

directions remains an important avenue for future research.

A Appendix: Omitted Proofs

A.1 Proofs for Section 3: Characterizations
A.1.1 Proof of Proposition 1

We first prove a lemma.

Lemma 3. For any n > 0, we have

and
RY™M0:) = {R; €2% : 3t; € T} s.t. 05 (t;) = 0; and Ry C WP(t;)},

Proof. We focus on proving the first equality. The proof for the second one is analogous, and
hence we omit. We prove by induction. Since W2(-) = S; and R°(-) = {S;} by definition,
the case for n = 0 is obvious. Suppose the equality holds for n — 1.

For the “C” direction, take any R; € R1"™(6;). Therefore, there exists 7; € A(6;x2%) such
that 7; [{(w, R_;) : (6_;(w), R_;) € graph (ﬁi:ﬁl)}] =1land R; 2 U, pec,m o) Ti(mi | 0:)-
By the induction hypothesis, for every R_; € R (6_;), there exists t&e[i’R_i) € T*, such
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that ¥, ( 0B )) =60 ;and R_; O W"! (t(_ei’i’R’i)). Define a type t; € T by letting
KE(t)w, ti] = 7 H(w, R_;): tOihR-0 t_iH .

This type is well-defined because (t;)[{(w,t—;) : w € Mz J;(t;)}] = 1. We next show

that R; O W2(t;). Take any s; € W (¢;). By Definition 3, this implies that for some pair

(5, 115) € AT (9;(¢;) x S_i) x A(W;(t;) x T*; x S_;), we have

(i) margy, ,yxr=, i = K; (t:);

(i) pi [{(w tirs=i) ¢ (t=i,5-;) € graph (W) }] = 1;
(i) m(¢) = mMargy, t;)xs_; Mis

(iv) si € ri(mi [9:(t:)-

We now show that m;(¢) € C;(7; | 6;). Define f; as the conditional probability of u; on each
(0—isR—i)\ -
(w,t - ), 1.e.

0_;,R_;
f,-(w, R_i>[8_i] = U; |:S—i | w, t(—z )] .
Condition (i) in Definition 6 is satisfied because p; [s,i € W’Zl(t,l-)} = 1and R; D
wrt (t(_ei‘ “R"')) for every R_; € RT"7'(6_;) by the induction hypothesis. For condition (i),

the initial conjecture m;(¢) is consistent with 7; because

m(@wsl = Y R tuls i w b

t,i:wéﬁii(t,i)

= Z li;k(ti) [w, t(_gi_ivR_i)] 1L; [s—i | w, t(_Qi_i,R_i)

R,iGQS*i

= Z Vvilw, R_] fi(w, R_;)[s—].

R,iEQS*i

Thus, we have 7;(¢) € C;(7; | 6;), which implies s; € r;(m; | 0;) C R;. We can conclude that
R; D W (t,).

For the converse direction “D”, take R; € 25 such that there is a type t; € T} for which
V% (t;) = 0; and R; O W2(t;). Define 7; € A(6; x 25-i) as

171'[0), R—z] = I{;k(tz) [(w,t_i) : Wﬁ:l(t_l) = R—z} .

By the induction hypothesis, we have 7;[(w, R_;) : (f_;(w), R_;) € graph (ﬁi?_l)} =1.Itis
left to show that for any m;(¢) € C;(7;0;), we have R; D r;(m; | 0;). Suppose m;(¢) € C;(7; | 6;),
so there exists a function f; : 6; x 25-i — A(S_;) such that

(i) filw, R_)[R_] =1,
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(i) 7i(@)w, 5] = Do eo5- Vilw, R-i] fiw, R_i)[s-i].

Let p; € A(6; x T*, x S_;) be a distribution such that
pilw, toiy -] = w7 (t) [w, toi] filw, W (t3)) [s—i].

It follows that margy .o« p; = £;(t;) and pi [{(w,ts, ) ¢ (t—i, s—;) € graph (W™ 1) }] = 1.

Moreover, we have

Z pilw, t_i, 5]
= Y mi(t) [(wit) s W) = R filw, Roi)[si]
= Z Vi(w, R) filw, R_i)[s-i]

R7¢€2S*'L

= mi(P)[w, s_i].

Therefore, any s; € r;(m; | 6;) would satisfy s; € WP (t;). Since R; O WP (t;), we conclude
that R; D r;(m; | 6;) for arbitrary mi(¢) € Ci(7;|6;). Hence, R; € RI"™(6;). O

We now turn to the proof of Proposition 1.

Proof of Proposition 1. (i) R1(6;) = U, -, R1"(8;): For “C”, let R; € R}(6;). Then there
exist t; € T} and m € N such that ﬁf(ti_) = 0; and R; O W,(t;) = W (t;). By Lemma 3,
we have R; € RI"™(6;). For “2”, take R; € RI"™(6;) for some n. By Lemma 3, there exists
t; € T such that 0#(t;) = 6; and R; D W?(t;) D W,(t;). Hence, R; € R!(6;).

(it) RY(6:) = N0 RY™(6;): For “C”, let R; € R}(6;). Then there exists t; € T} such that
Ui(t;) = 0; and R; - W, (t;) € W2(t;) for all n. By Lemma 3, we have R; € R""(6;) for all
n. For “2”, take R; € ), 5o Ry"(6:). By Lemma 3, there exists a sequence {t;,,} C T} such
that U} (t;,) = 0; and R; C W (t;,) for each n. Since T} is a compact metric space, there
exists a convergent subsequence {t;,, }, and let ¢; denote its limit. Fix any n, and therefore
for all ny > n, we have R; C W[ (t;,,,) € W (t;,,). Since W is upper hemicontinuous for
each n (Lemma 2) and ¢;,, — t;, we have R; C W!(¢;). This is true for all n, and thus we
conclude that R; C W;(t;), which implies R; € ﬁf(@l) O

A.1.2 Proof of Proposition 2

By Definition 4 and the definition of R°(¢;).
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A.1.3 Proof of Proposition 3

Since each W;(+) is an upper hemicontinuous correspondence on 7} (Lemma 2), the proof of

Proposition 1 from Chen et al. (2022) can be directly replicated to show the following lemma.

Lemma 4. Given a finite type space {(T;,V;, ki)ier}. A prediction P is a robust refinement
of W if and only if for every i € I and t; € T;, there exists an open neighborhood E,, C T} of
t; such that P;(t;) N W,(t7) # & for every tf € Ey,.

We now use this lemma to prove Proposition 3. For “=", suppose P is robust. Fix any
i € I and t; € T;. By definition, for any R; € RI°°(t;), there exists a sequence {t; m }men C 17
such that t;,, — t; and R; 2 W,(t;,,) for all m. Since P is a robust refinement, by Lemma
4, P(t;) "W, (t;,,) # @ for sufficiently large m, which means P;(t;) N R; # .

For the converse “<”, suppose P is not a robust refinement. Then by Lemma 4, there exists
a type t; € T; and a sequence {t; , }ren C T such that ¢;,,, — t; and P;(t;) "W;(ti, ) = @
for all k. This means (-, (Pi(t)) " Wi(tim,)) = Pi(t:) N (Uk>0 W;(tim,)) = @. But
Urso Wiltim,) € Ri(t:) b}Z definition.

A.1.4 Proof of Proposition 4

Fixing a type t; € T; in the finite type space {(T;,V;, k;i)icr}, we split the statement of

Proposition 4 into two lemmas and prove them in order.
Lemma 5. R*(t;) 2 (), R (t,).
Proof. Let R“°(t;) = R1(0;(t;)), and define for each n,

El{ti,m}meN C 7—;* S.t.
R () = Ri € RIWi(t:) + (1) 05 (tim) = Vi(t;) Ym, and 7 (ti) — 7(t;) as m — oo

Recall that 7'(t;) denotes the n-th order belief induced by type t;. It suffices to show that
RM(t:) D RE™M(t,) for all n, and then RI(t;) D ()20 R (t:) is implied by taking a
diagonal sequence. .

We prove by induction. For n = 0, we have RI°“°(t;) = RI(0:(t;)) 2 RI°“°(t;) by definition.
Suppose the inclusion holds for n — 1; i.e., R (t;) D R (t;) for all i € I and all
t; € T;. Take R; € Ri-ocn( t;), and we need to show that R; € ﬁioc’”(ti). By definition of
RY™M(t,), for each m € N, there exists (Vi m, Usm) € A(D;(t:) x Ty x 25-1) x A(9;(t;) x 25-7)
such that

(1) margy, )t ; Vim = Ki(ti);
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[{(W ti R): (t—i, R—;) € graph (Rlocn l(t—i)) H =1

m[{(w : (0—;(w), R—;) € graph (R_Z)}] =1;
(IV) U i(B)EC (Vi Viy 1 It ) Ti (Tri | 19’5 (tl))
For each R_; E ﬁT ;(0_;), there exists yY ol ) e T*, such that v*, ( ' 1)) 0_; and
R_; O W_ ( Z)). For each t_; € T_; and R_; € RS (t_,), by the induction
(t—i,R—s)

hypothesis, there exists a sequence {y i }meN C T*, such that v*, (y(t;m - )) =0_(t_y)
for all m, 7" (y(t;;n ‘Z)) — 77N (t_;) as m — 0o, and R_; D W_;(y_; (t" - ) for all m. We
now define, for each m, a type t; ,, € T;* such that U (t;,,) = Vi(t;), and

K (i), g =~ [{ (@0t B 9 =
o ({0 R T =y ] 0

for every (w,y_;) € Q x T*,. Notice that each k}(t;,,) has finite support and satisfies
K} (tim) [{ (w, 1) tw € (i U;(t;)}] = 1. Since 7" (y(tz‘;n - )) — 7" H(t_;) as m — oo and
Margy, ;.\ xr_; Vim = Ki(t;) for each m, we have Ti”(tl,m) — 7(t;) as m — 0.

We need to show that R; O W,(t; ) for each m. By Definition 3 of weak rationalizability,
for each s; € W,(t;,,), there exist a distribution u; € A(9;(t;) x T*, x S_;) and a conjecture
m; € AMi(09;(t;) x S_;) such that

(i) margy, )<=, bi = K; i (tim);

(i1) i [{(w b 520) ¢ (s 50) € graph (W)} = 13
(iii) mi(¢) = margy, q)xs_, Hi;

(v) s; € 7i(m [ Us(ta))-

For v;,, € A(ﬂi(ti) x T_; X 25—1'), define a function f; : ¥;(t;) x T_; x 25-i — A(S_;) as
follows: If (t_;, R_;) are such that yﬂj;f*i) = y_;, then let fi(w,t_;, R_;)[s_i] = p[s—i | w,y_].

Because R_; O W_; (yg;;’f‘i)), we have f;(w,t_;, R_;)[R_;] = 1. Then we define

Ai [W, S—i] = Z Z Vi,m[wa i, R—z]fz ((")7 t—, R—Z) [S—i]

t_jwed_i(t—i) R_,e25-i

= Z Vim, [{(w,t_i, R_;): y(_t;;;R_i) = y—z}] pils—i | w, y—i. (5)

y*iiwe'ﬂii(yfi)

Similarly, for 7; € A(9;(t;) x 25-1), define a function f; : 9;(t;) x 25 — A(S_;) as follows:
If (0_;(w),R_;) is such that y(_ei"'(w)’R"') = y_;, then let fi(w, R_;)[s_i] = mils_i|w,y_i].
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Because R_; O W_; (y(_ei’i(w)’R’i)), we have f;(w, R_;)[R_;] = 1. Then we define

Nw, s_] = Z Vilw, Ri] filw, R-i)[s-4]
R_;e25—i

= Z Uim H(w, R_;): y(_ei_i(W)’R_i) = y—z’H pils—i | w, y—i. (6)

y_iwed ;(y—_;)

It is left to show that m;(¢) € C;(vs, 75, =2 | ;). By construction, A, \; € A(Js(t;) x S_;)

are consistent with v; and 7;, respectively. Moreover, we have

7TZ(¢) [O), S—i] = Z Hi [wa Y—i, S—i]
y*ﬁweﬂii(yfi)

— Z K (i) [w, y—i) il s—i | w, y—i]

Y—i 5W€19ii (yfi)

m —iy R
= E Viom H(W,t—i,R—i) : y(fm )= y—z}] pils—i | w, y—i]
m+1
Y- wED* ;(y—i)

1 — 0_i,R_;
+— ) Vism [{(% R_) gyl = yﬂ-H pils—i|w, y-i]
m+1
y_i:wed* , (y—;)
m

1 /
= m—_{_l)\i[w, S_i] + —)\»[w, S—i]-

m4+1"°

The second equality is by the fact that margy, )+ i = K] (tim); the third equality is by

equation (4); and the last one is due to equations (5) and (6).
Therefore, we have 7;(¢) € Ci(vi, 7;, = | t;). But then R; D r;(m;[¥;(t;)), which means
s; € R;. Since s; € W,(t; ) is arbitrary, we have R; O W,(t;,,), completing the proof of this

lemma. ]
Lemma 6. RY(t;) C [,50 R (t:).

Proof. We prove this by showing that the profile {(RI°*(¢;)) . ET_}Z. ., survives each round
of definition (3). Since every R; € RI°°(t;) satisfies R; € R (9;(t;)) by definition, we have
Rlec(t,) € RI“(t;). Now suppose RI¢(t;) € R (t;,) for all i € T and t; € T;. We

want to show that, if R; € RI°°(¢;), then for any € € (0,1], there exists a pair (v;,7;) €
A(ﬁi(ti) x T ; X 25*1') X A(ﬁi(ti) X 25*1') such that the following are true:

) margy, w1, Vi = ki(ti);

(11) Vi[{(w,t,i, sz) : (t,i, Rfl) € graph (Rli);:’nil(t,i)) }:| = 1,

) Zi{(w, Rei) : (0-i(w), Ro) € graph (RL)}] = 1;

) Bi 2 U yeciwime o 7T | 9ilti).

37



Since R; € RI°(t;), by definition, there exists a sequence {t;,}men C T; such that
tim — ti, and R; O W,(t;,,) for all m. Because ©; is finite, we can assume 97 (¢;,,) = V;(t;)
for all m without loss of generality. For each m, define v;,, € A(ﬂi(ti) x T, 25—1') by

Vim{(w, y-i, R-i) 1 y—i € E_i}] = k7 (tim) {(w,y-) 1 y—i € By and W_(y—;) = R_;}],

(7)
for every measurable E_; C T*, and every (w, R_;) € U} (tim) X 2°-i. Because the space
of probability measures A(d;(t;) x T, x 25-7) is weak* compact metrizable, {v;,,} has a
convergent subsequence {v; ,,, }, and let v; denote its limit. We first verify that v; satisfies
conditions (i) and (ii) above. For (i), since margy, «)xr+ Vim, = £;(tim,) by definition,
tim, — ti and v;,,, — v; as k — 0o, and k] is continuous, we have margy, ) <7, Vi = Ki(t:).
For (ii), let £ € N and define

F,=cl {(w,yi,Ri) Ay, €T st di(yi,y ) <= and W_i (v ) = Rz} :

E
0
Foo = (0i(t:) x T_y x 25) ) F,

>1

where d_; is the metric on T7™,. Observe that

Fg D) {(w,y,i, R,l) Y € Tiz and W71<y71) = sz} s W24 > 0
F,C {(w,y_i, R.):y,;€T ;and R_; € lef(t_i)} )

By definition, v, [{(w,y—i, R—;) : W_i(y—;) = R_;}] = 1, so v;,u[Fi] = 1 for all £. Since

Fy is closed and v;,,, — v; as k — oo, we have y;[Fy] > limsupv;,, [Fi] = 1. Because

margy, ;.\« Vi = ki(ti), we also have v; [0;(t;) x T_; x 25-1] = 1. Therefore, we conclude

that v;[F] = 1, which implies v; [{(w, t_i,R_;):R_; € lef(t_i)}} = 1. Condition (ii) above

is then implied by the induction hypothesis RI°¢(t;) € R '(t;) for all i € I and t; € T
We next construct 7; € A(ﬂi(ti) X 25*1') as follows:

Vilw, R-i] = % vim{(w,y-i, R) iy € T" Y —(1—¢) Y wilw,t, R3] ). (8)
t_i€T_;
Since v, — V4, we can choose a sufficiently large m so that v;[w, R;] > 0 for every (w, R;).
When 7;[w, R;] > 0, we must have v; ,[{(w,y_i, R—;) : y—; € T*;}] > 0. By definition of
Vim, there exists some type y_; € T, such that ¥*,(y_;) = 6_;(w) and R_, = W_;(y_;), so
R_; € R",(f_i(w)). Hence, condition (iii) holds.

Finally, we need to show that for any conjecture m;(¢) € C;(v;,7;,e|t;), we have R; D
ri(m | 0:(t;)). Let A\, N; € A(9;(t;) x S—;) be the distributions consistent with v; and 7;,
respectively, such that

() = (1 —e)\i + .
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We now define a distribution u; € A(ﬁi(ti) X T, % S_i) as follows: For every w € 9;(t;),
s_; € S_;, and measurable £_; C T, let

pil{(w, y—i,si) 1y € B} = Ki(w, E5) - (1 — e)Ai + ) [w, 5] 9)

where K;(w, E_;) is a multiplier defined by

(margy, e, viam ) [{(w,9-) i € BY
Ki(w, E_;) = : (10)

(margﬁ,-(mmi Vz;m) {(w,yi) sy €T}

It can be checked that the probability distribution p; is well-defined. Moreover, for every
w € 94(t;) and measurable E_; C T*,, we have

( marg ui) {(w,y—:) : y—i € E_;}]
3 (t)xT*,

= Ki(w, E_;) - < marg Vi,m) {(w,y-:) 1y € T*;}]

ﬁl(tz)XTiz

ﬂl(tl) XTii

= < marg Vi,m) {(w,y—i) 1y € E_i}]
= K ()@ y) i € B},

where the first equality is by equations (9) and (8); the second equality is by equation (10); and
the third equality is by equation (7). The above implies margy, )= tti = K7 (tim). Also, by
the definitions of v; and 7;, the fact that \; and A, are consistent with v; and 7; respectively, and
Vim[{(w,y—i; B—) : W_i(y—i) = R_i}] = 1, we have p;[{(w,y—i; s-i) : 5= € W_i(y—)}] = L.

Our last step is to show that r;(m; | 9;(t;)) € W,(t;m), but this can be obtained by invoking
Definition 3 of W and by simply noting that for each pair (w,s_;),

i [{(w,y—i,5-0) ty— € 5} = (1 — &) \ifw, 5] + eXl[w, s_]
= 7Tl<¢> [wv S*i]v

where the first equality is by combining equations (9) and (10). Since R; 2 W,(t;,), we can
conclude that R; 2 r;(m; | ¥;(t;)), which wraps up the proof. O

A.1.5 Proof of Proposition 5

(1) = (2) We split this direction into two steps.
First, we construct a finite type space such that the collection of W sets contains

all maximal sets in ﬁf(@) To achieve this, for each 7 € I, partition the space T into

7
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TV = {TZ-(G“RZ')} by payoff types and the W correspondence; i.e., t;, t; € Ti(ei’Ri) if and only
if 91(t;) = Ur(t)) = 0; and W,(t;) = W,(t}) = R;. Note that the partition T}V is finite
and measurable by continuity of ¥}, upper hemicontinuity of W, and finiteness of ©; and
S;. Now for each Ti(ei’R") e TV, fix a type tl(-ei’Ri) € TZ-(G“RZ'). Define a finite type space
{(TZW, 9, Hi)iel} such that ¥; (Ti(ei’Ri)) = 0;, and

i <Ti(9i’Ri)> [W,Tfi-iﬁ—“] = (tg"i»Ri)) H(w,t_i) € TE"”R"')H . (11)

Note that Ti(gi’Ri) denotes both a type in TY¥ (on the left-hand-side) and a subset of T (on
the right-hand-side). We claim that W; (T(e i) ) D R; for every Ti(ei’Ri) € TWV. To prove this,
we will show that W7 (T (i, R )) D R; for all n > 0. This is clearly true for n = 0. Suppose
it holds for n — 1. Take tE" Ri) ¢ TZ-(Q“R") and s; € R; = W,(t;). Then by Definition 3, there
exists a distribution 1; € A(6; x T*; x S_;) and m; € A™i(6; x S_;) such that

(i) margy, .- p; = K; (t(e"’R")>;

(i) pal{(w,ts,5-5) : (t-i,5-) € graph(W_;)}] = 1;
(iii) m;(¢) = margy .5 . fs;

(iv) s; € ri(m; | 6;).

)
)
)
)

Now define a new distribution 4} € A(f; x TV x S_;) for type T ¢ TW by

/“L; |:w7T£0i_i7R_i)7s—ij| = M [{(w7t—i7 ) t— S T(e—' _2)}i| .

By equation (11) and condition (i) above, we have marg, ,pw p; = K; (Tl-(e“Ri)). Since for
every t_; € TE@’“R”), we have W_;(t_;) = R_;, condition (ii) above and the induction

hypothesis W'~ (Ti(ei’Ri)) O R; together imply that

,U; [(w’Tgﬂ',Rﬂ‘), S,i> . (TS@*“R%), 371-) € graph (Wﬁ;l):| =1.

Moreover, by construction,

marg ji; = marg y; = i(¢).
60;xS_; 0;xS_;

Therefore, the fact that s; € r;(m; | 6;) implies s; € W, (T (i, Rs )), and thus we have proved
our claim W7 (Ti(e"’R")) O R

To summarize the first step, for any R; € 7?%9-) there is a finite type t; such that
V¥ (t;) = 6; and R; C W(¢;). The second step is simple. Since any strategy s; € W(t;) can be
uniquely selected for ¢;, we have {s;} € RI(@Z) for all s; € R;.
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(2) = (1) Fixing a finite type space {(T;,9;, k;)ier }, we need to show that for each ¢; € T;
and any strategy s; € W,(t;), the singleton set {s;} € RI°°(t;). By Proposition 4, we can prove
this by showing {s;} € RI°“"(¢;) for all n. > 0. For n = 0, note that W;(t;) € R (0;(t;)), and
hence W;(t;) € W¥(9;(t;)) by assumption. This means each s; € W;(¢;) forms a singleton
set in RT(0;(t;)). But RI“O(t;) = RI(¥;(t;)) by definition, so {s;} € RI°°(t;) is established.

Suppose next for each t; € T;, s; € W,(t;) implies {s;} € REOC’"_l(ti). We now show that
the same statement holds for n. Fix a type t; € T;. If s; € W,(¢;), by Definition 3, there
exists a distribution p; € A(9;(t;) x T-; x S_;) and a conjecture m; € A™i(9;(t;) x S_;) such
that

(1) margy, )z, i = ri(ti);

(i) uz[{(w toiys-i): (toi,s-i) € graph(W_i)}] = 1;
)
)

(iii

5

i(0) = Margy. ¢, yxs_; Hi

(iv) s; € ri(mi |9i(ts)).

Now define v; € A(ﬁi(ti) x T_; X 25—1') by

Vi[% t_g, {S—i}] = Mi[W, t_g, S—i]'

By construction, we have margy, ;. .7 , i = fi(t;), and the only A; consistent with v; is the

one such that A\; = m;(¢). Moreover, by the induction hypothesis, we also have
v, H(w,t,i, R,):R.e le;v"*(t,i)}} ~ 1

Since s; € W¥(;(t;)) by assumption, there exists a type ;" € T; such that 9 (¢{") = V;(t;)
and VVZ (tfl) = {Sl} We now define v, € A(ﬁz(tz) X QS_i) by
171'[0.), sz] =K, (tsl) [{(w, t,Z> . sz(tfl) = R,Z}]

K3 K3

Note that this construction ensures

v H(w, R_;):(6-;(w),R_;) € graph (ﬁt) }] = 1.

Moreover, for any conjecture 7, € AMi(9;(¢;) x S_;) that satisfies 7.(¢) € C;(7; | 9;(t;)), there
exists a distribution p € A(Y;(t;) x T*, x S_;) such that

(1) margy, )re, 1i = K7 (t7);
) a5 (1) € graph (W) = 1
(iil) 7i(¢) = Margy, ;yxs._, Hi-
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Because W, (£57) = {s;}, we must have {s;} = r;(w}|9;(t;)).

Finally, for any ¢ € (0, 1], take the distributions v; and 7; above. We claim that for any
7, € AMi(9,(t;) x S_;) such that #;(¢) € C;(vy,V4,¢t;), we must have {s;} = r;(#;). To
see this, write 7;(¢) = (1 — &) \; + e\, where (A, X)) € C;i(v; | t;) x Ci(7; | 94(t;)). For every

h € H;(s;), consider three cases:

e First, suppose [h] Nsupp A, = &; that is, information set h is off-path for the initial
belief 7}(¢) = ;. It is easy to construct a conjecture 7; € A™i(9;(¢;) x S_;) such that
7i(¢) = mi(¢p) € Ci(7; | 9;(t;)) and 7;(h) = 7;(h). Because {s;} = r;i(7; | ¥;(¢;)), s; must

be the unique best response against 7;(h) at information set h;

e Next, suppose [h] Nsupp A; # & but [h] Nsupp \; = &. This means 7;(h) = 7}(h), and

therefore s; is the unique best response against 7;(h);

e Suppose [h]Nsupp A;Nsupp \; # &. Then, 7(h) is a convex combination of distributions
such that (with probability 1 —¢) s; is a best response and (with probability ¢) s; is the

only best response. This guarantees that s; is the unique best response against 7;(h).

Hence, for all information sets h € H;(s;),

{si} = argmax Z wi(w, z(st, s_)) i (h)[w, s_].
S;ESi(h)

w,5_;

Therefore, {s;} = J
the proof.

(D) ECi(vi e | 1) ri(7; | 9:(t;)). This means {s;} € Rioc’"(ti), completing

A.1.6 Proof of Proposition 6

(1) = (2) Fix aplayer i € I and 6; € ©,. If R; € R!(6;), there exists a type t; € T;* such
that 7 (t;) = 6, and R; O W,(t;). By denseness of U;, there is a sequence {t;, }men C T
such that t;,,, — t; as m — oo, and |W,(t;,,)| = 1. Since ©; and S; are finite, there exists
a subsequence {t;,,, } such that ¥} (t; ) = 0; and {s;} = W;(t;n,) for some s; € S;. This
means {s;} € R.(6;). By upper hemicontinuity of W, we must have s; € W;(¢;). Since
R; O W,(t;), we also have s; € R;.

(2) = (1) Openness of Y; is implied by the fact that W;(-) is upper hemicontinuous and
nonempty on 7. Denseness of U; is proved in two steps.

First, we show that for every t; € T; in any finite type space {(T}, ¥;, k;)icr }, the set W, (¢;)
contains some strategies that can be uniquely selected. To this end, we define a refinement

of W which collects all strategies that can be uniquely selected for a type. For each i €
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and 0; € O,, let W2(6;) = {s; € S; : {s;} € R](6;)} denote the set of uniquely rationalizable
strategies for types with information ;. For each t; € T}, let W™°(t;) = W (¥;(t;)), which is
nonempty by assumption. For n > 1, let W™ (t_;) = X i W3 '(t;), and define

(

A7y, i) € A (9,(t) x S_;) x A(i(t;) x Ty x S_;) s.t
(1) margy, . xr , i = Ki(ti);

(il) p [{(w,t_l, s_): (t_i,s_;) € graph (W‘i’f_l) }] =1;
(iii) 7;(¢) = margy, ) xs_, Mi;

(iv) s; € ri(m; | 94(L;))

\ J

Finally, let W(t;) = 50 W, (t:). Observe that {W;""(;) }nen € W2 (0i(t;)) is a decreas-

ing sequence for each ¢; and converges in finitely many steps.
Claim 1. Foralln>0,i €I, and t; € T;, W;""(t;) C WP(t;). Hence, Wi(t;) C W,(t;).

Proof. For n = 0, we have W(¥;(t;)) = W’(t;) € W(t;) = S; by definition. Suppose
W (t) € WiTl(,) for all t; € T; and i € 1. Then graph (W"'™!) C graph (W";'),
which implies W;""(¢;) € W2(t;). O

Claim 2. For alln >0, W;""(t;) # @.

Proof. We prove this by induction. Each W"*(t;) = W(¥;(t;)) is nonempty by assumption.
Suppose W 7'(t,) is nonempty for every i € I and t; € T;. Take any distribution p; €
A(U;(t;) x T—; x S_;) such that margy, )« , fti = ki(t;) and i [{(w,ts s24) « (tis_y) €
graph (WL" _1) }] = 1. We need to show that there exists a conjecture m; € A™i(9;(t;) x S_;)
such that 7;(¢) = margy, s, wi and ri(m; | 9;(t;)) "W (;(t;)) # @. Define 7; € A(0s(t;) x
25*1') by

Tilw {s_il = Y pilw. toi s,

t_;€T_;

Because W~ (t;) is a nonempty subset of W¥(0;(t;)), this 7; is well-defined and satisfies

U, H(w, R_;):(0_;(w), R_;) € graph (ﬁTﬂ) }] = 1.

By construction, any conjecture m; with m;(¢) € C;(7; | V;(t;)) satisfies m;(¢) = margy, ;)5 _, Hi-
By definition of R and its convergence in finitely many steps, we have Urs¢yeci @, [9s(e0)) Ti(mi | Di(ti)) €
RI(0;(t;)). By assumption, we then have

U nlml9n) | n W) # 2.

mi(9)€Ci (T4 | Vi(t:))

Therefore, W;""(t;) # &, which means the iterative procedure converges to a nonempty set

of strategies for every t; € T;. O
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We claim that for every s; € W(¢;), the singleton {s;} € RI°°(¢;). We prove this by
induction. Since any s; € W™'(4;) is in the set W(9;(t;)), we know {s;} € R“°(t;) by
definition. Suppose s; € W7 (t;) implies {s;} € RI°“""'(t;) and take any s; € W"(t;).
Constructions of v; and 7; in the proof of Proposition 5, with obvious modifications, can be
used to show that {s;} € RI°“™(t;) (see Appendix A.1.5).

Therefore, our first step shows that for any finite type ¢; € T}, there is some strategy
s; € W,(t;) that can be uniquely selected. The second step is standard: Let Tif C T be the
collection of all finite types of player i. Since t; € cl(i4;) for all ¢; € T!, we have T} C cl(Uf;).
Because T} is dense in T (Mertens and Zamir, 1985), we know that T = cl(T}) C cl(4;),

which means U; is also dense in T}".

A.2 Proofs for Section 4: Applications
A.2.1 Proof of Proposition 7

We first establish the following lemma.

Lemma 7. For every i € I, §; € ©;, and every n > 0, we have ST(6;) N R; # O for all
R; € RI™(8;). Therefore, S;(6;) N Ry # 0 for all R; € R (6;).

Proof. By definition, we have S%(8;) = S; and R°(6;) = {S;}, so the statement holds
for n = 0. By induction, suppose the statement holds for n — 1, and let R; € RI"(@,)
Then there exists a distribution 7; € A(6; x 25-%) such that 7;[{(w, R—;) : (0_;(w), R—;) €
graph (731?71) }]=1and R; 2 Urs()eci@: 6,y Ti(mi | 0:). Let f:0; x 29+ — A(S_;) be such
that fi(w, R_;)[S™;'(0_;) N R_;] = 1 whenever 7;[w, R_;] > 0. By the induction hypothesis,
this function is well-defined. Now define a conjecture m; € A™i(; x S_;) that satisfies the

following two conditions:

(1) mi()lw, s-] = g, o5 Pilw, Rei] filw, Rey)[s—i];
(ii) Vh € H;, (UwEGi 0_;(w) x S_;(h)) Ngraph (S";') # @ implies

mi(h) [{(w,5-:) : (0—i(w),s_;) € graph (S";')}] = 1.

Clearly, m;(¢) € C;(7;|6;), which implies that r;(m; |6;) C S™(6;) N R; # 0. O
This lemma can be used to show the next result.

Lemma 8. Fiz a finite type space {(T;, Vs, Ki)ier}. For everyi € I, t; € T;, and every n > 0,
we have SP(t;) N R; # 0 for all R; € RY™(t;). Therefore, S;(t;) N R; # 0 for all R; € RI¢(t;).
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Proof. By definition, we have S2(t;) = S(9;(t;)) and RY°(t;) = RI(0;(t;)). By Lemma
7, the statement holds for n = 0. Suppose now the statement holds for n — 1, and take
an arbitrary R; € Ri°“"(t;). By definition of RI°“"(t;), for each m € N, there exists
(Vims Vim) € A(Q?i(ti) x T _; % 25*1') X A(ﬁi(ti) X 25*1') such that

Vi [{ (@, t s, R_) ¢ (ts, Roy) € graph (RE"H(t-0) }] = 1
Vi [{(w, R_i) : (0_i(w), R_;) € graph (R")}] = 1;
R; 2 Um(@GCi(w,ﬁmﬁ [t:) 7’1’(771‘ ’ 192(tl))

By the induction hypothesis and S}~ '(t;) C S;(¥:(t;)), we can define a function f;,, :
Vi(t:) x T_; x 291 — A(S_;) such that f;,,(w,t_;, R_;)[S_i(9_i(t_;)) N R_;] = 1 whenever
Vim|w,t_i, R_;] > 0. Moreover, by Lemma 7, we can also define a function fzm : Wi(t;) X
2%-i — A(S_;) such that f;,,(w, R_;)[S_;(0_i(w))NR_;] = 1 whenever 7;,,[w, R_;] > 0. Now
define a conjecture that satisfies the following conditions: First, at the initial information set,
m

Tim(9)[w, 5] = ——

Z Z Vim|w, t—i, R_) fim(w, foi, R—;)[5_]

t—i€T-i p_,e25-i

1 p—
+ m + 1 Z Vi:m[w7 R—i]fi,m(w, R_i)[S_i]_
R_;e25—i

Note that this implies 7, (¢) [{(w, s_;) : (6_i(w),s_;) € graph (S_;)] = 1. For all h € H;
and all k > 0, whenever (|, ., 0—i(w) x S_;(h)) Ngraph (S¥,) # @, let

web;
Tim(h) [{(w,s-) : (0_;(w), s—;) € graph (S%) =1

Clearly, every s;,, € ri(mm |Vi(t;)) satisfies s;,, € mkzo SEW;(t:)) = Si(Vi(t;)). Now take
a converging subsequence {m;,,, } and let m; denote its limit. Moreover, by finiteness of
Si, let s; € rj(mim, |Vi(t;)) for all k. Since 7;(-|9;(¢;)) is upper hemicontinuous, we have

s; € ri(m; | 9;(t;)). Finally, let p; , € A(W;(t;) x T—; x S—;) be defined as

fhismp (w0 iy 5] = Z Vim|w, t—iy Ri] fim (W, f-is R-i)[5-i].

R,iEZS*i

We have, by definition and our induction hypothesis, ui,mk[{(w,t,i,s,i) D (tg,s—y) €
graph (Sr_ﬁl)}} = 1. Taking a further subsequence if necessary, let p; denote the limit
of {it;m, }. We then have

(1) margﬁi(ti)XT_i Hi = Iil<tz>7

45



(ii) ,u,-[{(w,t_,-, s_i): (t_;, s_;) € graph (ST_‘;I)}] > lim sup ft; m, [{(w,t_i,s_i) (i, s_i) €
graph (Sﬁ;l)}] =1;

(i) mi(P)w, s—i] = D2y er, Halw, t—iy 53]

These together imply that s; € SP(¢;) N R; # 0, which completes the proof. O

A.2.2 Proof of Proposition 8

We prove this proposition by showing the following: For each i = 1,2 and 6; € ©;, all minimal
elements in RZT(GZ) are singletons. Once this is claim is established, Proposition 8 is then
implied by Proposition 6. Throughout the proof, denote S; = M and Sy = AM.

By Assumption 1, for each m and w¥, there is a unique response a(w*, m) € A such that
{a(wk,m)} = argmax 4 us(w¥, m,a’). For each 65 € ©,, it is immediate that R,"™(6%) =

{sh} for all n > 1, where s& : m — a(wk, m).

Claim 3. For every 0% € ©, and every Ry € RY°(0%), there exists an m*™) € Ry such
that {m™F)} € RI*(0%). Moreover, for every m € M, there exists a 0™ € O such that
{m} € RP*(01™).

Proof. For each 0f € ©4, let 7; € A(6F x S,) such that 7 [(wF, {a(wk, m)})] = 1. We then
have

(i) 71[{(w, R2) : (62(w), Ry) € graph (ﬁ;l)}] =1;

(i) Um(qﬁ)ecl(vl | %) (7| 0F) = arg max ey ua (Wh, m, a(wy, m)) = {m*}.

Condition (ii) comes from part (i) of Assumption 1. Hence, we have {m*} € RI*(0%) for
every 0f € ©;. The first part of the claim is then proved by noting that, by definition,
ROOF) = {S,} and mF € S for every 0¥ € ©;. For the second part, note that by

part (ii) of Assumption 1, for each message m € M, there exists a state W™ such that

argmax,, .y, u1 (Wi m, a(wh"™ m)) = {m}. Then letting 6% = 67"™ yields m* = m in the
construction above and thus {m} € R}?(6"™). O

Claim 4. For each even n > 0, if for every 6% € ©1 and every R, € R\™(6Y), there exists an
m®™R) € Ry such that {m™F)} € R1™2(6%), then for every Ry € RY™™(88), there exists
an s52 € Ry such that {s52} € R} (68)

Proof. Take an arbitrary R, € RY™""'(65). By definition, there is a 7, € A(6% x ;) such
that

(i) Za[{(w, R1) : (61(w), Ry) € graph (ﬁin) H =1
(i) Rz 2 Unyg)e0s(,jon) r2(m2]63).
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By assumption, for every wf € 65 and Ry € RI™(0%), there exists an m*) e R, such
that {m®*™)} e RT""2(9F). For each m # M, fix wg(m) to be a state such that {m} €
RT*(6, (w,’.f(m))). The existence of such a state is ensured by Claim 3. We now construct a
sequence (75)s by letting

73w, {mBY = Dolw, Ry
for all (w, Ry) € 05 x Sy, and for every £ > 0

( 1
Ve e |M|(5+1)n;4 (™) fm})’

where 6(w§<m)’ (my) denotes the Dirac measure on (wﬁ(m), {m}). With vanishing weights, the
summation of the Dirac measures breaks ties both on path and off path. Letting 7% denote
the unique conjecture such that m5(¢) € Co(74|65), then by Assumption 1, for sufficiently
large £, there exists a strategy of the receiver s5> € Sy such that {s5?} = ry(7|65). Note
that 75[{(w, R1) : (1(w), R1) € graph (’EI"H)}] — 1, which means {s52} e RI"™3(68).
Moreover, as { — oo, 75 converges to some conjecture 75 such that 75(¢) € Cy(72]65).
By upper hemicontinuity of the best response correspondence ry(-|65), we conclude that

852 € RQ. ]

Claim 5. For each odd n > 0, if for every Ry € RY™(85), there exists an s¥* € Ry such
that {s52} € RY"(68), then for every 0 € ©, and every Ry, € RT"(0Y), there exists an
m®™E) ¢ Ry such that {m®™F)} € R (98,

Proof. For every 0% € ©y, take an arbitrary R, € 7?1’"“(9’1“). By definition, there is a
71 € A(OY x Sy) such that

(i) 71[{(w, Ra) : (02(w), Ra) € graph (R}")}] = 1;

(i) R 2 U gyecs @ 105 T1(m1 [07).

By assumption, for every R, € R}™(#), there exists an s52 € R, such that {sf?} €
RI™2(65). Define a sequence (774) ¢ by letting 7% [w”, {s5}] = 71wk, {s5}] and 7* [wk, {si21] =

ﬁl[w;f, Ry] for every Ry € Ss., and for every ¢ > 0

Again, the second vanishing term is used to break potential ties induced by 7;. Denoting by
7t the unique conjecture such that 7¢(¢) € Cy (7% |6F), then by Assumption 1, for sufficiently
large /, there exists a message of the sender m*f1) € S such that {m®F)} = r (7! |0F).
Because 74 [{(w, Ro) : (f2(w), Ry) € graph (RY"™?)}] = 1, we have {m®™7)} € R} (6}).
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Moreover, as { — oo, 7t converges to some conjecture 7} such that 7} (¢) € Cy(7y|6F).

By upper hemicontinuity of the best response correspondence ry(-| %), we conclude that
m(k’Rl) € Rl. ]

Because each sequence (ﬁj’"(@i))nzo is increasing in n and converges in finitely many
rounds, the preceding claims together imply that for every i = 1,2, 6, € ©;, and R; € ’ET(Q-)
there exists some s; € R; such that {s;} € R1(6;). Invoking Proposition 6 completes the

proof.

A.2.3 Proof of Proposition 9

To prove part (i), it is sufficient to establish the following and then invoke Proposition 3: for
every i = 1,2 and R; € RI°°(19), either a! € R; or a! € R;. We first prove the following claim.

Claim 6. For eachi=1,2, P; €1l;, and R; € ﬁ;(@fl), there exists a strategy s; € Sj(efi)
such that s;(P;(al)) = a\ and s; € R;. Moreover, for each i =1,2 and R; € R}(6?), we have
ai € R; or al € R;.

Proof. We proceed by induction. For each i = 1,2 and j # i, the statement clearly holds for
RI0(6°) and 73}’0(9?) by definition. Suppose it holds at step n — 1.

We first consider R"™(8?). Let 7; € A(Uwe(,?{w} x 8;(0;(w))) satisty yl[{ R;)
(0j(w), R;) € graph (ﬁT’"_I)H = 1. Define a function f; as follows: (i) fi(w!", R;)[s ]
for some s; € S; (97)) such that s;(P;(al)) = a} and (i) fi(wo, R;)[a}] = 1 if ) € R; and
fi(wo, Ry)[a ] = 1if a} ¢ R;. This function is well defined by the induction hypothesis.

Consider the belief \i € Ci(7; 169 induced by f;. If \; attaches high enough probability
to state wg and the opponent playing ag, then the best response is az ; otherwise, the opponent
plays a} with high probability and the best response is a;. No other action can be optimal,
because players strictly prefer any Nash equilibrium of I to any non-equilibrium profile and
are indifferent over non-equilibrium profiles. Hence, for every i = 1,2 and R; € ﬁj’"(@?),
either a! € R; or al € R;.

Next consider ﬁT’”(HPi) Let 7; € A({w]"} x S; (07)1')) Satisfy 7;[{ (W] Ry): (00, R;) €
graph (732’"_1) }] = 1. We can define a function f; by fi(wl R)a]] = 1if a] € R; and
fi(wl R)al] = 1if a! ¢ R;.

For the belief \; € C;(7; | 6’;91) induced by f;, it attaches probability one either to ag or
to a’. In the latter case, the sequentially best response at information set P;(a!) satisfies
si(Pi(al)) = a§. In the former case, this information set is initially assigned zero probability;
upon reaching it, beliefs may be revised in a way that a! is played and therefore the best
response still satisfies s;(P;(a;)) = a. Thus, for any R; € ﬁj"(@f’), there exists a strategy

s; € 5; (973) such that s;(P;(a})) = a} and s; € R;. O
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Claim 7. For each i =1,2 and R; € RI°(t?), we have a’ € R; or al € R;.

Proof. We prove by induction again. By the previous lemma, we have a! € R; or af € R; for
every R; € Rioc’o(t?). Suppose the statement holds at step n — 1, and consider an arbitrary
R; € RP“"(t9). Let v; € A(Uueptw} x {t5} x S;(0;(w)) be any distribution supporting R;
as ¢ — 0 in Deﬁni’gion (3). We can define a function f; by fi(wo,t), R;)[a}] = 1 if aé € R;
and fi(wo,t}, Ry)[a}] = 1if a} ¢ R;. Tt follows that a} € R; in the former case and a] in the
latter. This completes the proof. O]

We now turn to part (ii) of Proposition 9. It suffices to prove the following claim.

Claim 8. If there exists a partition P; € I1; such that {ai} € P; for both i = 1,2, then for
eachi=1,2, {{a’},{al}} C Rl°(t?).

Proof. Foreachi = 1,2 and any s; € R, (67) with {a;} € P;, we must have 31({a;}) = al by
sequential rationality. Therefore, in Definition (1), we can pick a distribution 7; that assigns
probability one to w;)j , under which a/ is the unique best response. That is, {a!} € RI"*(6)
for each © = 1,2. In the next step, choosing a distribution 7; assigning probability one
to (wo, a?) makes @/ as the unique best response. Hence, {a’} € R1?(8°) for each i = 1,2.
Consequently, the singleton sets {a!} and {a/} both belong to R!(8?) = RI°**(19).

Now suppose that {{a!},{a’}} € RI°“""'(t9) for each i = 1,2. In Definition (3), for
any € € (0, 1], letting v;[w, 13, {ai}] = U;|wo, {ai}] = 1 clearly yields a/ as the unique best
response; similarly, letting v;[wo, ), {a’}] = Tiwo, {a’}] = 1 yields a as the unique best
response. This means {{a!}, {a/}} C R"(?), which completes the proof. O

The claim above implies that any proper refinement of the prediction P(t?) = {aZ, a’
for each i violates the condition in Proposition 3 and therefore fails to be robust. Part (ii)
follows.

Finally, part (iii) follows from the claim below. Apart from the asymmetry, the proof
proceeds along the same lines as those of the three preceding claims, and we therefore omit
the details.

Claim 9. If there exists a partition P; € II; such that {a'} € P; and II; = 0, then a € R,
for all R; € RY°(tY) and o) € R; for all Ry € RY°(t9). Moreover, {al} € RP(t)) and
{al} € R<(t9).
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